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SHEAF CONSTRUCTIONS
AND THEIR ELEMENTARY PROPERTIES
BY
STANLEY BURRIS AND HEINRICH WERNER

ABSTRACT. We are interested in sheaf constructions in model-theory, so an
attempt is made to unify and generalize the results to date, namely various
forms of the Feferman-Vaught Theorem, positive decidability results, and
constructions of model companions. The task is considerably simplified by
introducing a new definition of sheaf constructions over Boolean spaces.

We start the paper by giving a new formulation in §1 of what sheaf
constructions over Boolean spaces are—perhaps an appropriate name for our
construction would be ‘Boolean product’. In §2 we show that this construc-
tion is closely related to the formation of reduced products, in particular the
universal Horn class generated by a class is the class of structures which can
be embedded into the Boolean products of the given class. A specialized
Boolean product operator I'¥ is indeed remarkably similar to reduced prod-
ucts, for in §3 it is shown that I'¥ preserves a sentence iff it is equivalent to a
Horn sentence; and in §4 we take another look at Comer’s version of the
Feferman and Vaught Theorem (for sheaves) and show that it is the most
general of those currently in use. Several model-theoretic results proved by
Waszkiewicz and Weglorz for reduced limit powers have natural extensions to
Boolean products as one also sees in §4.

In §5 we take a construction introduced by Arens and Kaplansky, which
we call a filtered Boolean power, and show how to extend a translation
introduced by Ershov to such structures-this translation is a considerable
simplification of the Feferman and Vaught approach of §4. Then in §6 we
prove the result which motivated us to look at the elementary properties of
sheaf constructions, namely that countable Boolean products of finitely many
finite structures with a finite language have a decidable theory. This gener-
alizes Comer’s results for monadic algebras and (x™ = x)-rings, and Ershov’s
results for bounded Boolean powers.

The next section contains technical results needed for the study of model
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companions. Then in §8 it is shown that if a class & has few existential
n-types for n < w then the universal Horn class generated by & has a model
companion. An easy consequence of this is that the universal Horn class
generated by finitely many finite structures always has a model companion.
In §9 the sheaf representation theorem of Bulman-Fleming, Keimel and
Werner, for discriminator varieties is used to show that a discriminator
variety generated by an elementary class of simple algebras with a model-
complete theory has an elementary class of algebraically closed members, and
a model companion. Axiom systems are given as well as structure theorems
for members of these classes. Also some examples of residually large varieties
with decidable theories are constructed. Then in §10 the results of §9 are
generalized to include the results of Macintyre and Comer on model-com-
pleteness for structures of sheaves. This paper is a considerable revision of
preprints [7].

ACKNOWLEDGEMENTS. §§85 and 6 were completed while the second author
was a Visiting Research Mathematician in the Department of Pure Mathe-
matics at the University of Waterloo during January—March of 1975, a visit
made possible by the Deutsche Forschungsgemeinschaft, and the University
of Waterloo. We are grateful to Comer for providing us at this time with his
recent preprints on monadic algebras. The remaining sections were developed
while the first author was a Gastforscher at the Technische Hochschule
Darmstadt from May till November, 1975-this research was sponsored by
NRC, the DAAD, and primarily the Alexander von Humboldt Foundation.
The concept of Boolean product was inspired by recent papers of Volger and
Weispfennig on Boolean-valued structures. For §§8-10 we are indebted to
some most helpful conversations with Macintyre and Sabbagh at the Interna-
tional Mathematical Summer Center session on “Model Theory and its
Applications” in Bressanone during June, 1975. Most of the results of this
paper have been presented in the Mittagsseminar directed by Burmeister,
Keimel, and Wille-their constructive criticism was very much appreciated. §8
was put in its final form, following a suggestion of Alan Adamson, during a
seminar given by McKenzie and the first author on “Model Companions of
Varieties” at Berkeley in the Winter term of 1975-1976.

1. The operators I'* and I'*. For notational simplicity we use capital italic
letters 4, B, . .. for structures as well as their universes. For most of the text
we will consider only two types of first-order structures, namely Boolean
algebras and structures for a given language L (involving possibly both
function and relation symbols) with equality. When we speak of a structure
we will mean a structure for L, and when we speak of a formula we will mean
a formula in the language L-unless explicitly stated otherwise. Our first-order
logical symbols are \/, &, —, 3, V, —, <, and finite conjuncts, respectively
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disjuncts, are denoted by &, respectively \/. The Boolean algebra operations
are \/, A\, —, 0, 1, where “—" is relative difference, and finite meets,
respectively joins, will be denoted by /\, respectively \/. If I is a set then
P (I) denotes the Boolean algebra of subsets of 1. A theory T is a deductively
closed set of sentences. If K is a class of structures then Th(R) is the theory of
|, i.e. the set of all sentences true of & We use = for elementary equivalence
and < for elementary substructure.

The reader needs to know only the elements of Stone duality between
Boolean algebras and Boolean spaces (see [22]). If B is a Boolean algebra let
B* be the associated Boolean space of ultrafilters in B (with a basis of clopen
sets of the form {AU € B*|b € AU}, where b € B); and if X is a Boolean
space (i.e. a totally disconnected compact Hausdorff space) let X* be the
Boolean algebra of clopen subsets of X. Then B is isomorphic to B** under
the map b > {U € B*|b € A}, and X is homeomorphic to X** under
x b {Y € X*|x € Y}. We will use capital italic letters X, Y, ... at the
end of the alphabet for Boolean spaces (and closed subsets of Boolean
spaces).

A structure A is a subdirect product of structures A;, i € I, if (i) A is a subset
of II;¢c,4,, (ii) for any atomic formula ®(u,, ..., w,) and f, ..., f, € A we
have 4 = ®(f,, ..., f,) iff 4, = O(f;(¥), ..., f,() for i € I, and (iii) the
projection maps ;: [l;c;4; > A, map A onto A, fori € I. If 4 is a subdirect
product of 4, fori € I and ®(uy, . .., u,) is a formula then for f,, .. ., f,, €
A we define [®(f,, . .., f,)], to be {i € I|4, = ®(f,(i), ..., f,(i))}. Usually
we will write just [®(f), . .., f,)] because, if nothing else, the parameters
fis - - -5 f,, will make it clear which structure is meant.

If & is a class of structures, then 4 € I'¥(®) means that there is a Boolean
space X (A) and structures 4, in ® for x € X (A4) such that

(1) A is a subdirect product of the 4,

(29) (Atomic Extension Property) for any atomic formula ®(u,, ..., u,)
and f,, ..., f, € 4,[®(f,, - . ., f,)] is a clopen subset of X (4), and

(3) (Patchwork Property)' for f, g € 4 and N a clopen subset of X (A4) the
function A defined by

h(x) = {f(x) fo € N,
g(x) ifxeX(4)- N,
isin 4.2

Letting f|, denote the restriction of f to N, etc, we can also write

h = fIn U 8l'x)-n-> @ notation which we will use frequently. Note that if L

! The Patchwork Property appears in Weispfennig [41].
2 To be more precise we should say that there is a set X (4) which can be endowed with a
topology T such that (X (4), T) is a Boolean space and (1)—(3) hold.
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is a language of algebras then we can replace the ®(u,, . . ., u,,) in condition
(29) by u, = u,, i.e. we require only that equalizers [ f, = f,] be clopen. If in
(2%) we replace “clopen” by “open” we obtain (up to isomorphism), with (1)
and (3), exactly what is meant by “all structures of continuous sections of
sheaves over Boolean spaces with stalks from &”. This is discussed in detail in
the Appendix.

There is an important restriction of I'¥, which we shall call I'¥, obtained by
replacing (2°) by the following:

(2¢) (Elementary Extension Property) for every formula ®(u,, . . ., u,) and
fir oo f, € A, the set [O(f,, . . ., f,)] is a clopen subset of X (4).

This condition was introduced by Comer and leads to the following
fundamental property.

LEMMA 1.1 (THE MAxIMAL PROPERTY FOR I®)3 If A € T*(®) and
D(u, uy, . ..,u,)is a formula, then for f,, ..., f, E A there is an f € A such
that [Qu®(u, fy, . . ., )] =[O fis - - 5 )

Proor. For each x € Y = [3u®(y, f}, . . . , f,,)] choose an f, € A4 such that
x €[®(f,, fi5 - - -, £,»)] (this is possible by (1)). From (2°) we see that {[®(,,
fis - - £)llx € Y} is a clopen cover of the compact set [u®(y, f,, . . ., f,)],
hence we can find, for suitable k, x,, . .., x, in the set [Qu®(y, f,, . . ., f,)]
such that {[®(f,, f;, - - - LI < i < k} covers [Fu®(u, f, ..., f)) If we
let N; be the clopen set [®(f,, fi, - . ., f)] = U1l @S, S - - )] for
1 < i< k,and let Ny be X(4) — U ¢k N;> then defining f to be f, |5, U
U <icifx v, We have by the Patchwork Property that f € 4, and clearly
[(D(f’fl’ MR ’fm)] = [au(D(u’fl’ v afm)]'

2. Basic results on class operators. We will be interested in the following list
of operators:

I = closure under isomorphism,

S = closure under substructure,

S=) = closure under elementary substructure,

P = closure under direct product,

P = closure under subdirect product,

P, = closure under reduced product (filter product),

P, = closure under ultraproduct,

~

P,z = closure under limit reduced power, and

lA’LU = closure under limit ultrapower.
If O, and O, are two class operators let O, < O, be defined to mean
0,(R) C 10,(R) for all &, and then O, = O, means O, < O, and O, < O,.

If fE1l,c,4, and D is a filter on P(I) then f/% is the element of

3 We are indebted to Volger for pointing out the key role of this property.
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;e 4;/9 corresponding to f. It will be convenient to abbreviate uy, . . ., u,,
bY @ fir s S BY i fy e S EA DY S E A f/D, ..., £,/ D by f/D,
a(f), ..., a(f,) by a(f), and Ju, . .. Ju, by Ju.

We need Los’s Theorem on ultraproducts in the following, namely if U is
an ultrafilter on an index set I, ®(u) is a formula, and fisin I, ,4;, then

es4:/ U= B(F/U) iff [B(H)] € U.

THEOREM 2.1. () I < I* < T < P4 < SP,
(b) P < T°Py,

(©) PLR < I"Pw, and

(d) SP, = SPP, = SI¥P, = SI¥P,,*

PROOF. (a) (Obvious.)

(b) Let the reduced product II;;4,/% be given and define A to be the
canonical epimorphism from P (I) to P(I)/%). Let X be the Boolean space
(P(1)/D)* and define a from II,c,4,/D into g cx(l;c;4;/A7'(AU)) by
a(f/DYU) = f/A"N ) for f € I,;¢,4,. Clearly a embeds II;,4,/D as a
subdirect product of the II,c,4;/A "' (A), U € X, so we need to show that
a(Il;c,A4;/D) satisfies (2°) and (3). Note that A "!(L) is an ultrafilter in P (1)
for A € X.

So let ®(u) be a formula and suppose f € [I,¢,4;. Then, for AU € X, we
have AU €[®(a( f/ DY) iff [B( j)] € A1) (this is just £os’s Theorem) iff
[®( j)]/ 9 € A, hence (2°) holds. Finally, let f, g € II,c,A4,, and let N be a
clopen subset of X. Then, for some J C I, N={U € X|J/D € AU}. Let
h=ft, Ugl,—;. Since J C[h = f] it follows that for U € N, [h = f]/D
€, hence U € [a(h/D) = a(f/D)]. Likewise, if A € X — N then U
Ela(h/D) = a(g/D)), s0 a(h/D) = al(f/ D)ty U a(g/D)x_n-

This finishes the proof of (b); however we make note of the following result
which will be used in the proof of Corollary 4.2. Let » be the canonical
isomorphism from P(I)/%D onto (P(I)/%D)** given by »(J/D) ={AU €
(P(I)/DY*J/D € U}, for J € P(I). Then given a formula (i) and
parameters f € II, 4, v(®(/)]/D) = [@(a(f/@»]

(c) If 4 is a structure, I an index set, ¥ a filter on I X I, and % a filter on
I, then the limit power A’|F is the substructure of A’ given by {f €
A'[Ker(f) € F}, where Ker(f) = {{i,j> € I X I|f(i) = f(j)} and the limit
reduced power A4|F is the substructure of 4//D given by {f/D|f €
A'|F}.If 9 is an ultrafilter then 44| is a limit ultrapower. Let P(I)|F be
(JEPWWW*UU ~JPEF),and P(1)g|F = (J/D|J € P(I)|F). Let A
be the canonical epimorphism from P(I)|¥ to P(I)y|¥, and set X =
(P(Ig|%)*. If U € X then A~!(A) is an ultrafilter in P(/)|F. For each
AU € X let p(U) be a fixed ultrafilter in P (I) containing A ~'(A), and define

4 The result SP; = SPP, is due to Mal’cev [29).
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a from A4|F into HQLEX(Ap(GU)IG‘) by a(f/DUW) = f/p(U) for f € A'|F
Again it is not difficult to verify that a embeds A|F as a subdirect product
of the A4)q,)|F, WU € X, so we are left with showing that a(44|F) satisfies
(2°) and (3).

Let ®(u) be a formula and let f be parameters from 4’|%. Then, for
A € X, AU e[d)(a(f/@))] iff 4] q,)|F E ‘D(f/p(GlL)) iff [<I>(j)] € p(U). Now,
since [R(HF U (I — -[®(N))’ contains N, Ker(f) it follows that [%( j)]
P(I)|%, hence [(D(j)] € p(U) iff [@(j)] € A7!(U), and thus iff [®(H)/D €
U, so we have proved that [(I)(a(f/GD))] ={U € X|[<I>(f)]/6D € A}, hence
(2°) holds. For (3) suppose f, g € A/|F and N € X*. Then for some
JEPUF, N={UeEX|J/D e U} Let h=f}, U gl,_,. Then Ker(h)
contains Ker(f) N Ker(g) N (J2U (I — J)?), so h € A!|F. Since J C [h =
f] it follows that for A € N, [h = f]/D € A, hence AU € [a(h/D) =
a(f/D)), and likewise if A € X — N then U € [a(h/D) = a(g/D)), so
ath/D) = a(f/D) Iy U al(g/D) I x_n-

This finishes the proof of (c), but we wish to note the following which will
be used in the proof of Corollary 4.3. Let » be the canonical isomorphism
from P(I)g|F onto (P(I)y|%)** defined by »(J/D) = (U €
(P(I)a|F)*|J/D € U}, where J € P(I)|F. Then, for any formula ®(ut) and
parameters f from A’|F, v([(®(f)]/D) = [®(a(f/D))).

(d) We have SP, < SI*P, < SIYP, < S(SP)P, = SPP, < SP;.

Now we have a good number of examples of Boolean products. Let us look
at one more well-known construction, that of a bounded Boolean power. Let A
be a structure and X a Boolean space. Then A[X]* is the substructure of the
direct power A4 ¥ with universe { f € A¥|f~'(a) € X* fora € 4}. Clearly (1)
and (3) are satisfied. For a € 4 let ¢, denote the constant function in A[X]*
with value a. Then, given a formula <I>(17) and f € A[X], if x €[d( f)] then

N [ = ¢l Q[‘D(f)]

1<i<m
hence (2°) holds, so A[X]* € T*({4}).

3. The preservation theorem for I'¥. We are interested in characterizing
those sentences preserved by I, i.e. sentences ® such that if 4 € [*(R) then
[®] = X (A) implies A = ®. Recall that a Horn formula is any formula of the
form

Q- - - Quu, 1<8;‘L<k ((I)i,l AVARR Vq)i,n,)

where each <I> 1s an atomic or the negation of an atomic formula, and for
each i, 1 < i<k, at most one of D,)..., (D,’,,,_ is atomic, and the
0O, ..., Q, are quantifiers. A Horn sentence is a Horn formula with no free
variables.
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THEOREM 3.1. T preserves a sentence ® iff @ is equivalent to a Horn
sentence.

PrOOF. Let ®(%) be a Horn formula and let 4 € I'*(]). We will prove by
induction on the complexity of ® that, for f € A, [P( j)] X (A4) implies
A E O( j)

If ®(u) is an atomic formula then, by definition, 4 = &( j) iff [®( f)]
X (A4), and hence 4 E — &( j) if [79( j)] # . From this it is easy to argue
the case that ® is an open Horn formula. So now assume that we have
verified the claim for a given Horn formula ®(u, ). If [Bud(u, fj] = X (4)
then, by the Maximal Property, there is an f € 4 with [®(f, /)] = X (4), and
then by assumption 4 = ®(f, f), so 4 = Jud(u, f). If [Vud(y, f)] = X (4)
then for any f € A4, [P(f, /)] = X (A4), hence 4 &= O(f, 1), s0 A = Vud(u, f)

Thus we know that Horn sentences are preserved by I'*. On the other hand,
if a sentence is preserved by I'¥ then P, < I'*P,, ensures that the sentence is
preserved by Pg, hence it is equivalent to a Horn sentence (see Theorem
6.2.5" of [10, p. 366]). This gives an alternate proof of the following result
which appears in [38].

COROLLARY 3.2 (WASZKIEWICZ AND WEGLORZ). P,  preserves a sentence ®
iff ® is equivalent to a disjunct of Horn sentences.

PRrOOF. Since f’LR < I"f’w it 1s clear that 13LR preserves Horn sentences,
hence disjuncts of Horn sentences. On the other hand 13 PLR, P being
the closure under reduced power, so PLR preserves ® implies P, preserves @,
hence @ is equivalent to a disjunct of Horn sentences (see [10, p. 366]).

4. The Feferman and Vaught Theorem for I, and its consequences. Comer
[12] adapted the Feferman and Vaught Theorem {21] to sections of sheaves
(this was the reason for introducing the condition (2¢)) and noted that he had
generalized their results for direct products. Rather than ask the reader to
translate his proof> we give details here (a slight modification of Chang and
Keisler’s Proposition 6.3.2 of [10, p. 342]) and further applications.

If ®(u, ..., u,)is a formula involving only the extra-logical symbols, the
logical connectives, &, —, and the quantifier 3 we will give an effective
procedure to find a determining sequence {(®*; ¥, ..., ¥,), where
®*(z,...,2) is a formula in the language of Boolean algebras and
Y. (uy,...,u,)isan L-formula, 1 < i < I

(i) if @ is atomic then the determining sequence is (z; = 1; ®);

(i) if ® is determined by (®*(z,...,z); ¥, ..., ¥,) then ~® is
determined by the sequence

(=0*(1 —zp,..., 1= z); 9%, ..., 7 ¥,

5 Comer’s proof uses, of course, the notation of sheaf theory.
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(iti) if ® is determined by (®*; ¥,,...,¥,> and II is determined by
A1*; ¥, 1, ..., ¥, then ¥ & ¥ is determined by
(@*(zp, - 2) &2y o5 2t ) Yoo Wi

(iv) if ®(u) is determined by (&*; ¥, ..., ¥,> then Jud(u) is determined
by (II;0,,...,0,), where II, ©,,...,©, are defined as follows. Let
P(L,....1}) = (@} = (S, ...,S,} with S, = {i} for 1 < i < [ For 1 <
Jj < Iy define ©; to be Ju(&, . ¥)). Then let II(z,, . . ., z,) be the formula

3wl---3w,o[( & w,-<z,-)&( & wi/\v‘)j.=wk)

1<i< S;US;=5

&O*(w,, . . ., w,)].

THEOREM 4.1 (COMER). Let ®(it) be a formula with a determining sequence
<<I)*(zl, o)), .., ‘I’,(zﬂ> Then for A € T*(R), and for f,, . .., f,
E A,

a=o(f) gx@r=o([¥ ()] ... [w())])

PROOF. One proceeds by induction on the complexity of ®. The atomic
case is just the definition of “=". The induction steps for - and & are
straightforward.

For the step with the existential quantifier let us assume that the theorem
holds for ®(u, u,, . . ., u,) with a determining sequence (®*; ¥, ..., ¥.
Let (I; ©,, ..., 0, > be as in (iv).

If A'=3u<I)(u j) then choose an f € 4 such that A=, f) For1< /<
I it is obvious that [&; s ¥,(f, NI CIO,(f)), that if S; U S; = S, then

[1§S, ?,(f,f)] m[é‘s, \If,(ff)] =[’§Sk \If,(f,f‘)];

and

X(A)* = <I>*([ & ‘I'(ff)] [ (ff)])

by assumption. Thus 4 = Jud(u, f) implies

X(A)* = H([Gl(f)]’ CR) [Q1o(f)])

Conversely, if X (4)* = TI(®,(f)}, - - ., [0, (/)] then we can find clopen
subsets Wy, . .., W, such that:

X(A)*F=u/,-g[®i(f)] forl < i<,
XAy =W,nW,=W, ifS,US =S5,
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and
XAy = o*(W,, ..., W)
By the Maximal Property we can find g, . . . , g, € A such that

[Bu _& ‘Pj(u,f)] =[ '& \I’j(gi,f)], 1 <i<,
JE
For each i, 1 < i < [y, let us define N, to be W, — U {W)|S; - S}, and

3

then let M = X (A4) — U ¢, N;- If we now define g to be (U 1<i<l, 8ily)
U g [ then, for 1 < i < [, we have the inclusion W, C [& ,es‘l’ (g, N

Since X (4)* = ®*(W,, ..., W, it follows that X (4)* &
*([¥.(g, N} - - -, [¥,(g, N (an easy induction proof shows that the ®* of
Chang and Keisler is such that [®*(z,, ..., z)&(&, <i<iZi_S< Z)] -

®*(z}, . . ., z)) is valid in every Boolean algebra), so A=®(g, f), i.e. A=
Jud(u, f).

Next we will show that Comer’s version of the Feferman and Vaught
Theorem contains two other important versions.

COROLLARY 4.2 (WEINSTEIN). Let ®(i) be a formula with determining
sequence (®*; ¥,,...,¥,>. Then, for 9D a filter in P(I) and f,, ..., f, €
HiElAi’

I 4/ = o(7/D)

ier
if P(1)/D = ([ 0,(1)]/D, ..., [(F)]/9).
PrOOF. Recall the embedding a: II;c;4,/D — o ex(;ic4;/A 7' (AU))
defined in the proof of Theorem 2.1(b), namely a(f/DYU) = f/A~'(U),
and the isomorphism »: P(I)/% — (P(I)/D)**. Then
I 4,/9 = o(f/D) iffa( 1 A,/GD) = o(a(f/D))

iel iel

iff (by Theorem 4.1) x*y=<1>*([ (a(f7D) ] [qf, f/GD))])
iff P(1)/D = Q)*([\I'l(f)]/GD, D)) /)

(see the remark at the end of the proof of Theorem 2.1(b)).

COROLLARY 4.3 (WEGLORZ, BANASCHEWSKI AND NELSON).® Let ®(it) be a
formula with a determining sequence (®*; ¥,, ..., ¥,>. Then, given a limit
reduced power AL|F andf,, ..., f, € A'|F

6 Banaschewski and Nelson use this to analyze elementary properties of Boolean powers and
bounded Boolean powers in [4). (Ash has a less general formulation in [2).) Weglorz uses the
above to prove a result of Galvin on iterated reduced powers, as well as to show that the free
product in Boolean algebras preserves elementary equivalence, in [40].
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ANS = o(f/D) iff P(1)alF = @*([i(1)]/D..... [#()]/9)

PROOF. (Parallel to the proof of Corollary 4.2 using the isomorphisms a and
v in the proof of Theorem 2.1(c).)

REMARK. Comer stated that Theorem 4.1 improves on the Feferman and
Vaught Theorem for P, but he makes no mention of it covering the result of
Weinstein. Volger [37] has a slight generalization of Theorem 4.1 using
Boolean-valued structures. (If one looks only at the global elements of
Boolean-valued structures then the results are equivalent.)

Let ® be a sentence and (®*; ¥,, ..., ¥,) a determining sequence. By
putting ®* in prenex form with its matrix in disjunctive normal form it is
routine to write down a sequence {®’; ©,, ..., ©,) where the @, ..., 0,
are the various conjuncts 2, & - - - &3, 3, being either ¥; or ¥, such
that for any 4 € T*(Q), 4 = @ iff X (4A)* = &' ([O,], . . ., [@,]). We will refer
to this new sequence as a special determining sequence for ®. Next, if T is any
theory of Boolean algebras let I';(R]) = {4 € I*(R)|X (4)* = T}. The proof
of the following is an easy adaptation of methods in Feferman and Vaught.

LEMMA 4.4. Let ® be an L-sentence and ® a class of L-structures. If
(®'; 0,,...,0,) is a special determining sequence for ®, let ©,, ., ..., Oy
be those ©, such that & = — O, (of course this collection may be empty). Then,
for T a theory of Boolean algebras,

I5(8) = @
iffTi—-Vzl-”Vzm{[zl\/---\/zm=1& & z‘./\zj=0]

1<i<j<m
S ®(zp,...,2,0,.. .,0)}.

PROOF. Suppose the second condition holds. Then for any 4 € T';(®) the
sets [©,],...,[0,] form a disjoint cover of X(A4), so X(A)* =
([0,),...,[0,]) 9, ..., ) hence 4 = @, so I';:(]) = ®. For the converse
suppose I-(R) = ®. Let B= T and b,,...,b, € Bwithb, \/--- \V/ b, F
1 and b, AN b, =0 if 1 <i<j < m. Define X, to be (AU € B*|b, € U},
1 < i< m. Then X,,..., X, are pairwise disjoint clopen sets which cover
B*. Let A, € & be such that 4, = ©;, 1 < i < m (such structures exist by
assumption). Now for A € B* define Aq to be that 4, such that b, € U,
and let 4 be the subdirect product of the A, consisting of those f €
1o c goAq such that f1, is a continuous function from X; to 4, where, as
usual, A4, is given the discrete topology. Then it is not difficult to show that
A = Il ¢;cmAlX]*, hence A4 is in T7(R), and furthermore <X (4);
[0} ...,[0,) =<B* X,,...,X,). By hypothesis 4=, hence X (4)*=
o[e,),...,10,19,...,9),s0B=0,...,b,,0,...,0).
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THEOREM 4.5. (a) If T and Th(R) are decidable then Th(I';(R)) is decidable.
(b) Th(®) = Th(®) implies Th(I'7(R])) = Th(I'H(K"), for any T.
(c) If Th(R) is complete then, for any A € K,

Th(I5(R)) = Th({A[ X]*|X* = T}).
(d) If Th(R) and T are both complete then, for any A € & and X* = T,
Th(I'7(R)) = Th(A[X]*).
(€) TR(TS(®) = Th({Il,,4,/ D |4, € &, P(1)/D = T}).
(f) If A is finite or Th(A) is 8-categorical, and if X* is finite or Th(X*) is
N,-categorical, then A[X]* is finite or (provided the language L is countable)
Th(A[X]*) is 8-categorical.

ProOF. In the following (®;0,,...,0,) is a special determining
sequence for ®; for parts (b) — (f) it is as in Lemma 4.4.

(a) Given ® we can effectively find a special determining sequence as
above, and then effectively determine for which of the ©, it is true that
K = — 0,. Then Lemma 4.4 can be used to decide .

(b) For a given ® we can use the same sentence in Lemma 4.4 for both &
and & as Q= -0, iff = -0,

(c) In this case, for A € I'*(R)), the completeness of Th(R) leads to 4 = ¢
iff X(A)* = ®'(X(A), O, ..., D), so the choice of the individual 4, € &
plays no role in the elementary properties of A4.

(d) (Just an extension of the argument in (c).)

(e) In the proof of Theorem 2.1(b) it is clear that [I,c,4,/% is in
TSP, ({A,]li € I})if P(I)/D = T, and hence we have, from (b),

Th(I%(R)) C Th([ II 4,/D|4, € R, P(I)/D = T})
iel

On the other hand, if I';(R]) # ® let 4 € I'%(R) be such that 4 = o &, and
then let X; = [©,]. By a result of Ershov [18] there are index sets /; and filters
0, with X* = P(I)/%;, 1 < j < m. Without loss of generality we can
assume the /; are pairwise disjoint; let / = I, U - - - U I,,. Define % to be
the filter on P(J) generated by {J, U - - U J, |/ € %D, 1 < k < m}.
Then P(1)/D =11, <, P(1)/%;, and since X (4A)* = II,,,, X, one has
from Corollary 4.2 that the two first-order structures (Boolean algebras with
m distinguished points) (X (4)*; X,,..., X,> and {(P(I)/D;
1,/%,...,1,/D) are elementarily equivalent. Choose 4; € ®, for i € I,
such that 4,=0,, 1< j < m. Then, since X(A)*=-P'(X,,...,X,,
g, ..., D), we also have

P(I)/% = q®'(1,/D,...,1,/9,0,...,0),
and hence Il,¢,4,/% = — ®.
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(f) Suppose A and X* satisfy the hypotheses of part (f) and A[X]* is not
finite. To show Th(A4[X]*) is 8 -categorical it suffices, by (d), to consider the
case where X* is finite, or X* is denumerable with Th(X*) 8 -categorical. For
any structure B and elements b, ..., b, € B the n-typeof b, ..., b, in B is
{(¥(uy, ..., u,)|BE=¥(by,...,b,)}. By a theorem of Ryll-Nardzewski (see
[10]) a countable complete theory T with no finite models is &,-categorical iff
there are only finitely many (principal) n-types consistent with T for each
n < w. From our assumptions Th(4[X]*) is complete and has no finite
models. Fixing an n < w suppose there are / n-types 71, . . ., 7} realized inA4
and k [-types Tx., ..., 7. realized in X*. If fi, ..., f, € A[X]* let o(f) =
(i} if X* = 1007 (D) ..., [74( AD. The following claim is essentially due
to Baldwin and Lachlan [3]: for f, g € A[X]*, if 6(f) = o(g) then f and g
realize the same type in A[X]*. To see this suppose o(f) = a(g) = {i}. Since
Th(X*) is categorical in the cardinality of X* it is straightforward to show
that there are homeomorphisms A;: [7(f)] > [74(g)} 1 < j < /, and these
induce an isomorphism a: A[X]* — A[X]* such that a(f)(x) has the same
n-type in 4 as g(x). But then from Theorem 4.1 a(f) and g realize the same
type in A[X]* as (4; a(f)(x)) = (4; g(x)) for x € X*. This proves the claim,
and hence part (f) via the above-mentioned characterization of R -categorical
theories.

REMARKS. (A) If Th(®) is decidable then Th(I'*(®)) is decidable as Tarski
[35] has shown the theory of Boolean algebras is decidable.

(B) For any &, Th(I*(R)) = Th(P;(®)). It would be interesting to know
whether each member of I'*(®) is elementarily equivalent to a member of
P (&), and vice-versa.

(C) Forany A and 7,

Th(T5(4)) = Th({A"/D[P(1)/D = T}).

Hence for any B € I*SCP,(4) there is an I and % such that B= A'/D;
and thus the same holds for any B € ?LR(A) (Waszkiewicz and Weglorz
[38)).

(D) A direct application of Theorem 4.1 and Corollary 4.2 shows that
A'/D = A[P(1)/D]*, for any I and °D. Hence, given a countable language,
if A is finite or Th(A4) is N,-categorical and if P(J)/% is finite or
Th(P(I)/D) is 8 ,-categorical then by (f) it follows that Th(4 1/6D) is
8,-categorical if 47/ is not finite (Waszkiewicz and Weglorz [39]).

5. An Ershov translation for filtered Boolean powers. Ershov [19] discovered
that when working with bounded Boolean powers of a finite structure the
Feferman and Vaught translation could be replaced by an intuitively clearer
and more direct technique. In this section we will give a generalization of this
which will be used for the decidability result in §6.
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Throughout this section we will let n be an arbitrary but fixed nonnegative
integer. BA™ denotes the class of Boolean algebras expanded by n unary
predicates Fy, . . ., F, such that BA™ satisfies “F; is a filter”, 1 < i < n, and
X™ denotes the class of sequences (X, ..., X, where X, is a Boolean
space and X, ..., X, are closed subsets of X, We will conveniently
abbrévi_a}e (Xgs---»X,) by X, and X* is the member of BA® correspond-
ing to X, i.e. X§ with the predicates F; = {Y € X}|X, C Y}.

If A is a structure let 4 be an expansion of A4 by n unary predicates
Ay, ..., A, such that each is a substructure of 4. Then for X € X let
A[X]* be the substructure of A[X,]* whose universe is given by {(f e
A[Xo]*|f(X,) € 4;, 1 < i < n}. This is our descriptiorr of a typical filtered
Boolean power (the construction is due to Arens and Kaplansky [1]). It is a
simple exercise to show that A[X]* € I¥S({A}). (Using sheaf-theoretic
terminology A[X]* is a structure of “global sections of a subsheaf of a
constant sheaf over a Boolean space™.) If n = 0 then A[X]* becomes A[X,)*,
a bounded Boolean power.

From now on let 4 be a particular finite structure as described above, say
A={a,...,q}. If f is a fundamental operation of arity m and
Fir oo fos1 € A[X]* then

f(fi - s Sn) = fue ifffl—| (ai,) n...Nn fm—l (aim) - fm_+ll (a.’,,,“)

whenever 4 = f(q,,...,q )= q_ ; (1)

and if r is a fundamental m-ary relation of 4 then r(f,, ..., f,) holds

iff U it (ai,) N nf! (ai,,) = Xo (2)

Axr(a,, ..., a, )
Also it is easy to see that for f € 4 *° we have

fEALXT it (a), .../ (@) € X§and X, ¢ U f'(a),

a€ A,
1<i<n (3
Because of the finitary nature of (1)~(3) we will be able to show that:

THEOREM 5.1. For each formula ®(u,, . . ., u)) in the language of A we can
effectively find a formula ®(z,, ..., z\; ... Z;y, - - - » 24) in the language of
BA such that for X € X and f,, . .., fin A[X]*,

A[X]P =0 ... f)
i.fjf)?* = (i)(fl_l(al), < ’fl_l(ak); <. ;fl_l(al)’ - ’ﬁ_l(ak))'
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Proor. First we put ®(u, . .., 1) in a form Py(u,, . . ., ), using only the
two logical symbols Sheffer stroke | and the existential quantifier, such that
all atomic formulas are of the form f(u,,...,u,) = u,,,, where f is a
fundamental operation, or r(u,, . . ., u,,), where r is a fundamental relation,
and u,, . .., u,, are variables. Now we give a recursive procedure to define
®, and this will be ®.

() If @, is atomic: for f(u,, ..., u,) = u, . let 5130 be

(20, A A, < 2y, ]):

(Ai'-=f(a,-l ..... a )y=a,,,

forr(u, ..., u,)let é)o be

( \V2 2y N /\zm,-m)=1.

Arr(a;, ..., a;)

(i) Given ®, and ®, let @ be &,|d,.

(iti) To handle the existential quantifier first define Adm(z,, . . ., z;) to be:

( & z,-/\zj=0)&(zl\/---\/zk=1)

I1<i<j<k
€ A} €F,
1<i <k (\/ {z 4 )

Then Ju, S, ®'is 3z, ...3z,,[Adm(z,,, .. zlk)&fb]

Next we proceed by induction to show that this definition of & suffices.
For the atomic case just use (1) and (2) above. Verification for the case (ii) is
straightforward. For (111) suppose A[X]*=3u,®(u,, f5, . . . , f)). Then, choos-
ing f; such that A[X]* = O(f,, . .., f,) we have Adm(f,” l(al), e fi N @)
by (3), and ®(f; (a)), . . ., fi "(@); .- . i (@, - . ., fi'(a)) holds by the
induction hypothesis. Conversely, if X* satisfies

3z), ... 3z, [Adm(z,, . . ., 20)&D(z11s - s 20 S W@, - f (@)
fl_l(al)> st ’fl_l(ak)]

then letting f, € A *° be defined by fi(x) = a; if x € SRAT where Z“, A
witness the z,;, ..., 2z, it is clear that f1 € A[X]* and X* &= <I)(fl '(al),
S @) as fl l(a,) Z,;, hence A[X]* = ®(f,, ..., [), so it follows
that A[X)* &= 3u,®(u,, fy, . . . , f;). This finishes the proof.
An immediate application of Theorem 5.1 is:

COROLLARY 52. Let 9 be a subclass of X such that the theory of
{X*]X € )} is decidable. Then the theory of {A[X]*|X € 9} is decidable. In
particular if ® is a sentence in the language of BA™ then the theory of
{A[X ]*|X * is countable and X* = &} is decidable.
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PROOF. The first assertion is clear. The second follows from the decidability
of the theory of countable Boolean algebras with quantification over filters
(Rabin [31]).

6. A decidability result for I';. For & a class of structures let I'?()) be the
class of 4 in I (®) such that X (4)* is a countable Boolean algebra.

THEOREM 6.1. Let & be a finite collection of finite structures with L a finite
language. Then T (R) has a decidable theory .

The core of the proof is to construct a finite structure H and an expansion
H (say by H,, ..., H), and to find a sentence @ in the language of BA®
such that, up to isomorphism, I'¥ (®) and {ﬁ_[X I*|X € " and X*=®) are
the same classes, where X is the class of X € X™ such that X is count-
able.” Then, by Corollary 5.2, the theory of I'? (R) is decidable.

Solet® = {4,,...,4,,]}, and let < be the embeddability partial-ordering
on R, ie. A4; < 4; iff there exists an embedding of 4, into A4;. Since the
collection of finite L-structures has the joint embedding property and the
amalgamation property we can find finite structures P, ..., P, and H such
that

(a) 4, is a substructure of P, 1 < i < m,

(b) if 4; < 4; then, given an embedding a: 4; — P, there is an embedding
B: P, — P, such that B ° a is the identity map on 4;, and

(c) each P; can be embedded into H.

For the rest of this proof let P,, ..., P,, and H be fixed finite L-structures
satisfying (a)—(c), and then let H,, . .., H, be a listing of all the substructures
of H which are isomorphic to a member of ®. Define H to be the expansion
of H by these substructures (as in §5).

Now we are ready to define ® as the sentence:

Vx[( & x€F)-x= 1]& & [F,.\/I«}= Al
I<i<n 1<ij<n H.CH,NH,

First we will show that if X is in £ and X* = ®, then H[X]* € I"(IQ).
X*=® means X;U---UX, =X, and, for 1 <4, j<n X;NnX =
U &, c #,n X« Consequently given x € X, there is a smallest member (under
C), say H,, of H,..., H, such that x € X, ; and hence if x € X, then
H, C H;. As the X}’s are closed subsets of X, it follows that there is a clopen
neighborhood N, of x such that for 1 < j < n, X; N N, #J implies x € X,
hence H;, C H,. Applying compactness we can conclude that there are

7 Comer [13] developed this proof technique for monadic algebras. However, his definition of
H was considerably complicated by requiring that it also be a monadic algebra. The simplifica-
tion we are using is due to Werner. Also it should be noted that Comer used a version of the
Feferman and Vaught translation rather than our §5.
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finitely many disjoint clopen subsets N, .. ., N, of X,, which cover X, and
corresponding predicates H,, ..., H, of H such that if f € H[X,]* and
SV C H,0< /<] thenf € H[X]* Thus H[X]’ is nonempty (if H and
X are nonempty) and (H [X "), = H; as one sees by making sure N,
appears in the list Ny, . . ., N,. This proves that H [X ]* is in T (IR).

Next we show that every 4 € I'2(®) has the desired representation by a
filtered Boolean power. The following lemma contains the key observation.

LEMMA 6.2. Let A € T2 (R). For each x € X (A) there is an N € X (A)*,
with x € N, and there are embeddings o,: A, — H, for each y in N, such that
givenf € Aand h € H, {y € Nl|a,(f(y)) = h) is clopen in X (A).

Let A,: A, > A, be an isomorphism for suitable 4, € &. Actually we will
show, by downward induction on the <-rank of 4;, that for y € N there are
embeddings o,: 4, — P; with the desired property. This will suffice as P, can
be embedded in H.

Case a. A; 1s <-maximal. Choose f,,...,f, € A such that 4 =
{£i(x), ..., fu(x)}, and let D, (u, . . . , u,) be the set of atomic and negated
atomic formulas ®(«) such that 4, = ®(f(x)). Define N to be the clopen set
[&D,.(f,, .. .,f)] Then for y € N the mapping A,: A, — A, defined by
Ay (f(x) = £i(»), 1 < j < m, is an isomorphism. Letting g, = A;' o A we
have an embedding of 4, into 4;, and hence into P,. Then given h € P, and
f € Awehave {y € N|o,(f(»)) = h} = N n[f = flif A, (h) = f(x).

Case b. There is a clopen subset M such that x € M and 4, = 4, for
y € M. Then we can argue as in Case (a).

Case c. Suppose Case (b) does not hold at x. Choose f, . . ., f,, € A such
that 4, = {fi(x), ..., f,(x)}, and define D, and then N and the A, as in
Case (a). Then for y € N we have A : 4, —> A4, is an embedding. If for a
giveny € N the map A,, is not onto then, looking at a D, one sees that there
is a neighborhood of y for which A, is not onto for z in this neighborhood of
y. Letting Y be the subset of N for which A, is onto, y € Y, we see that Y
must be closed. For y € Y define o, to be A ' < AJ'. Now N — Y is open
and X (4)* is a countable Boolean algebra, hence N — Y is a disjoint union
of countably many clopen subsets. For y € N — Y the <-rank of 4, is
higher than that of 4,, so by induction we have, for each y € N — Y, the
conclusions of the lemma. Hence it follows that there is a countable sequence
of pairwise disjoint clopen subsets N,, k < w, with U, _,N, = N — Y, and
for each N, a family of maps 6,, y € N, such that the conclusion of the
lemma holds, except that H is replaced by an appropriate P, , with 4; < A4,, .
Let ¢: A, — P, be the inclusion map. For y € N, choose an embedding u,
such that the following diagram commutes:
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A o

y y

A, A, P,,

7\x [ 1 My,
A - P,

Then define o, to be u,6,. Thus, fory € N, a,(f(»)) = a,(f(x)).
To finish the proof of the lemma suppose f € A and h € P.. If h € A, then
{(y ENlo,(f(¥) =h}=[f=f]In Nif h = f(x); and if h & A, then

{r €Nl (f(») =r} = U {y € Nns,(f(») = h}

k<w
= U {y e Nls,(f(») = ' (W)},
k<w

an open set. Now the open sets { y € N|o,(f(y)) = h}, h € P, form a finite
disjoint cover of N, hence they are actually all clopen.

LEMMA 6.3. For X§ a countable Boolean algebra and B a substructure of
H[X,)* let B(x) = {f(x)|f € B}, for x € X,,. Then there is an X € X" such
that X*=® and B = H[X)* iff

(OB(x)e {(H,,...,H,}, forx € Xy, and

(i1) B has the Patchwork Property (3).

ProOF. First note that any substructure of H[X]* satisfies (2%).

(=) In_the discussion just before the statement of Lemma 6.2 we showed
that if X is in X" and X* = @ then (HIX]®, is in {H,, ..., H,), for
x € X,. To see that H [X ]* satisfies (3) one merely checks the def1n1t10n of a
filtered Boolean power.

(<) As the elements of H[X,]* are locally constant and H is finite we see
that for any j, 1 < j < n, the set {x € X,|H; C B(x)} is an open subset of
Xo- Define X by letting X, be as above and letting X; = {x € X,|B(x) C
H;}, 1 < j < n. An easy argument shows that X; = N 4, .4 {x € Xo|H, €
B(x)}, hence each X; is indeed closed. Then, using (i), it is also easy to see
that X* = @, and obvxously B C H[X]* as x € X; and f € B imply f(x) €
H Combining (i) with the discussion preceding Lemma 6.2 it follows that
(H[X]*)x = B(x) for x € X,; but then (3) guarantees B = H[X]‘

Now to finish the proof of Theorem 6.1 let us look again at 4 € I'3(R) and
use Lemma 6.2 and compactness to find finitely many pairwise disjoint
clopen sets Ny,..., N, which cover X(4), and corresponding systems of
homomorphisms o, as described in Lemma 6.2. Define o: 4 — H*™ by
o(f)(x) = 6,(f(x)). Clearly o is an embedding, 6(4)(x) is in {H,, ..., H,}
for x € X (A), and o(A) satisfies (3) since 4 satisfies (3). For f € 4 and
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h € H we have

{(yex@lo(N»)=hj= U ) {y € Nilo,(F(») = h},
1</<
a clopen subset of X (A), hence 6(A4) is a substructure of H[X (4)]*. Thus
from Lemma 6.3, o(A) = H[X]* where X, = X(4) and, for 1 < j <
X, = (x € X(AD)|o(4)x) C H;).

REMARK 1. For 4 € I*(R) let us define a closed relation on A to be any
binary relation of the form {{f, g)€A4?[f=g] D Y}, where Y is a closed
subset of X (A4). It is easy to extend the translation of §5 to cover the closed
relations, namely (with U a variable for closed relations and V' a variable for
filters):

if @, is of the form {u;, u,) € U then let <i>0 be [V cici?ii Nzl
A — A
€ V; and given @, let 3U P, be IV P,

Then Corollary 5.2 can be changed to assert: ‘if the theory of (X *|X S
with quantification over filters, is decidable, then the theory of {A[X ]*|X €

9} with quantification over closed relations is decidable’. Hence the conclu-
sion of Theorem 6.1 can be strengthened to state: Then I?(®) has a decidable
theory with quantification over closed relations. We presented essentially this
form in the special case I'Z (S(®)), where R is a class of algebras, in [7] and in
Werner [42], the emphasis in both cases being on discriminator varieties (see
Remark 2)-in discriminator varieties the closed relations of 4 are precisely
the congruences of 4.

REMARK 2. The key applications of Theorem 6.1 have been to classes &
such that IT(R) is elementary, for then the theory of I'V(®) is the same as
that of I'? (®), assuming the members of Q are finite. The interesting examples
we know of are discriminator varieties, that is, equationally defined classes 8
of algebras such that there is a term f(u,, u,, u;) with the class & of
subdirectly irreducible members of B satisfying:

tuy, uy u3) = ug o (uy = uy & uy = uy) \/ (U # u, & uy = uy).
It is proved in Keimel and Werner [24], for the case & is finite, and in general
in Bulman-Fleming and Werner [5] that for such B, B = II*(S). (See §9 for
our treatment of discriminator varieties.)

Shortly after Comer [13] announced the decidability of residually finite
varieties of monadic algebras Quackenbush pointed out that these are dis-
criminator varieties. Subsequently Werner modified Comer’s proof in order to
include all residually finite discriminator varieties (those for which & is
finite), and this applies to (add residually finite for (a)) varieties of:

(a) cylindric algebras,

(b) Post algebras,
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(c) Lukasiewicz algebras,

(d) relatively complemented distributive lattices, and

(e) commutative rings with unity satisfying x™ = x, for any given m > 1.

For complete details on these and other examples see Werner [42]. Using
the stronger form of Theorem 6.1 mentioned in Remark 1 we announced (in
slightly different words) [8]:

the first-order theory, with quantification over congruences,
of the countable algebras in a residually finite discriminator
variety is decidable.

Surprisingly this covers most of the equationally defined classes which are
known to have a decidable theory, the most important examples being:

(1) Boolean algebras (Tarski [35], 1949),

(2) relatively complemented distributive lattices (Ershov [18], 1964),

(3) n-valued Post algebras (Ershov [19], 1967),

(4) countable Boolean algebras with quantification over ideals (Rabin [31],
1969),2

(5) (x™ = x)-rings (Comer [12], 1974), and

(6) residually finite varieties of monadic algebras (Comer [13], 1975).

Notable exceptions to this list are:

(7) Abelian groups (Szmielew [34], 1954), and

(8) mono-unary algebras (Ehrenfeucht [16], 1959).°

REMARK 3. Arens and Kaplansky [1] showed that if R is a finite field
(considered as a ring with unity) then every countable member of the variety
generated by R is a filtered Boolean power of R. (Comer used this to prove
(5).) We can derive this result by looking at the proof of Theorem 6.1 and
letting H be R, the P; also equal R, and the 4; the various subfields of R. This
particularly nice representation of Arens and Kaplansky can be generalized
to any 4 which is infraprimal (see Werner [42]).

REMARK 4. Looking at the list of varieties with decidable theories given in
Remark 2 we were struck by the fact that they are all residually small, i.e.
they do not have arbitrarily large subdirectly irreducible members. However
McKenzie soon proved that if one takes the variety generated by {w, ), ¢
being the ternary discriminator on w, then it is not residually small, but it
does have a decidable theory. We will present further examples in §9.

REMARK 5. Rubin [32] has proved that the theory of monadic algebras is not
decidable. Let & be the class of Boolean algebras with an additional unary

8 Of course this is the result we use to prove Theorem 6.1.

% As is well known, (1), (2) and (7) were originally proved by quantifier elimination (introduced
by Skolem in 1919). Ershov proved (3) by combining (1) with Foster’s Boolean power representa-
tion of Post-algebras. Ehrenfeucht used semi-models.
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operation c¢ satisfying c¢(u#) = 1 if u # 0, and ¢(0) = 0. Then the countable
monadic algebras are just the countable members of II¥(®), hence I'? does
not preserve decidability (in contrast to I'®).

7. The operators I';;, I'5, I'y. In this section we define a generalization of the
ultraproduct construction and use it to strengthen Theorem 2.1(d). This will
be used in the study of model companions in the next three sections.

Suppose A4; € I*(R), for i € I, and U is an ultrafilter in II,c,X (4,)*.
Define an equivalence relation ~g on Il,c;4;, by f~g g iff
(<G, [f()=g@Pli €I} €U, and for f €1l,c,;4; let the equivalence
class of f be denoted by f/Q. Then the structure [, ,4;/ is defined by
letting its universe be {f/U|f € Il;c,4;} and then, for an atomic formula
®(u) and elements f in [I,c,4,, we say II,c,4,/AU = ®(f/AU) iff
(<, [q)(f(l))]>Il € I} € AU. The structure [I,c,4,/U is what the members
of T%,(R) look like.

LEMMA 7.1. Suppose A, € T*(R), for i € I, and A is an ultrafilter in
[l;c; X (A)*. Then, for any L-formula ®(u,, . .., u,) and elements f,, . .., f,
€ Ml;e,4;,, we have Il,c,4,/U &= O(fi/U, ..., [ ,/U) iff
{G @A), - - LDl €T} € AU.

PrOOF. We proceed by induction on the complexity of the formula ®(u).
The atomic case is just the definition of “="". Next, for any ®(&), A contains
exactly one of {<i, [B(f(i)D|i € I} and {<i, [~ D(f()D|i € I}, and since
U is closed under meet, the induction steps for - and & are straightforward.
So suppose we have proved the theorem for the formula ®(u, ). If

Ties4;/UE ud(u, f/9L) then choose f € I[;c,4; such that I, ,4,/UF
o(f/, f/‘f’?L) Then {{i, [D(f(i), f(z))]>|1 € I} € U by assumption, hence
{<i, [Qud(u, f(t))]>|1 € I} € Q. Conversely, if {{i, [Elu(I)(u,f(z))]>|t el}e
QL we can apply the Maximal Property to find g; € 4; such that [Fu®(v,
f N =[®(g, f()), fori € I. Then choosing f € II;¢;4; defined by f(i) = g,,
i €1, we have {{i, [®(f()), f(z))]>|1 €1} €A, so by the induction
hypothesis, 1T, 4,/ = ®(f/U, /), and hence it follows that II,c,4,/U
E3ud(u, f/U).

LeMMA 7.2. (a) PrI¥ < I*T, and
(b) P, < T%, < S&P,.

PROOF. (a) Suppose 4; € I'*(R) for i € I and that D is a filter on P (/). Let
A be the canonical map from II;c,X (4,)* onto II,c,X(4,)*/%. Let X =
(Il;e,X (4,)*/D)*, and define a from I, ,4,/D to Mo cx(;e,4;/A7'(AU))
by a(f/D)WU) = f/A~ (). Clearly a is a homomorphism, and the image
of a is a subdirect product of the II;c,4;/A"'(U) for W € X. If (i) is any
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formula and f € Il,c,4, then U € [D(a(f/D)] iff II,c,4,/A" (W)=
®(F/A ) iff {{, [RUFE)D]i € I} € A~'(A). From this we can con-
clude that « is injective and the image of a satisfies (2°). For (3) let f, g €
[I,c,4; and let N be a clopen subset of X. Then for some choice of
(i, J,)|i € I}, where J; € X(4,)*, we have, for U € X, AU € N iff
(i, J,)li € T} € A™Y(U). Let h be defined by h(i)(x) = f(i)(x) if i € I and
x € J,, and otherwise h(i)(x) = g(i)(x). Then, for AL € N, U € [a(h/D) =
a(f/D)] since {{i,J; i € I} < {<i, [h@) = f()PD]i € I}, and similarly AU
€ X — N implies U € [a(h/D) = a(g/D)], hence a(h/D) = a(f/D) Iy
U a(g/D) M x_n-

(b) To see that P, < I'}, let X be the one-element Boolean space, and make
use of the obvious isomorphism between II,;-,;4; and II,c,4,[X]* and the
isomorphism between P(/) and (X*)'. For the second inequality in (b)
suppose 4, E*(R) for i € I, say A, is a subdirect product of A/ for
X € X (4;), and let AU be an ultrafilter in [1,c,X (4,)*. Let I’ = {{i, x)|i € I,
x € X(A,)}. Then the mapping B from II,c,4, into T, . e, 4, defined by
B(N(i, x)) = f(i)(x) is an embedding. Let U be an ultrafilter on P(I")
extending {{<i, x) € I'lx € U()}|U € U}, and let B(Il;c;4,)/W be the
substructure of Il ; ., A;/UW with universe { 8(f)/W|f € II;¢,4;}. Our
definition ensures that for ®(#) an atomic L-formula and f in II;¢,4,,
Bl;c,4)/UW =O(B()/W) iff II;c,A4;/UEO(f/U), and hence the
mapping v: [;c;4;/WU — B(;¢,4,)/ U defined by y(f/U) = B(f)/U is
an isomorphism. To see that B(Il;<;4,)/%W is an elementary substructure of
i xyerAi/ let @(ir) be any L-formula and suppose f € II;c,4;. Then
B, 4)/ %W =& B(H)/ W) ift {<i, [RFG)Di € I} € U (by Lemma 7.1)
iff [®(B(f)] € W, and by Los’s Theorem this holds iff I, e, 4:/WE
®(B()/ ).

We define the operator I to be the operator I} (see §4) where T is the
theory of atomless Boolean algebras. Clearly A[C]* € I'g(A4), where C is the
Cantor discontinuum (a well-known Boolean space).

THEOREM 7.3. SP, = SIES(SP,,.

ProoF. Since SP, = SPP, (by Theorem 2.1(d)) we only need to verify that
P < STES™'P,,. So suppose I, A4, is given. Since 4; is in IS(4,[C]*) it
follows that II;c,4; € IS(Il,;<,;4,[C]*). Let X = (C*))*, and define a from
e 41CT* t0 e x (e A,[CT* /%) by a(f)(U) = f/U. By Lemma 7.1, if
®(u) is any L-formula and f is in II,c,;4,[C]* then
[Q)(a(f))] = {A € f|{«i, [<I>(f(i))]>|i € I} € A}, and this suffices to estab-
lish the fact that a is an isomorphism and the image of a satisfies (2°). To
verify (1) is, as usual, straightforward. For (3) suppose that f, g € I[,¢;4,[C]*
and that N is a clopen subset of X. Then we can find {{i, J;Y|i € I} € (C*)
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such that for AU € X, A € N iff {{i,J;)|i € I} € AU. Define h by h(i)(x)
= f(i)(x) if x € J,, and h(i)(x) = g(i)(x) if x € C — J;, for i € I. Then {{i,
Ipli € I} < {KG, [h()) = f()P]i € I}, so we have AU € [a(h) = a(f)] if
A € N, and likewise AU € [a(h) = a(g)]if W € X — N,soa(h) = a(f) |
Ua(g)ly_y- C*¥ is certainly atomless, hence II,c,;4,[C]* belongs to
ITr, ({A,|i € I}), which in turn is contained in ITESCP,({4,|i € I}) by
Lemma 7.2(b). Thus we have II;c,;4; € ISTES™P,({4,|i € I}), as was to be
shown.

The following corollary is an addition to Theorem 4.5, and in particular it
applies to T,

COROLLARY 7.4. Let T be a theory of Boolean algebras whose models OW(T)
are closed under products, and whenever B = T and F is a proper principal filter
on B then B/F = T. Then

Th([%(R)) = Th(P({A[ X]*|4 € & X* = T}))
= Th(P,,({A[ X]*|4 € & X* = T})),
where Py, denotes closure under finite direct products, for any K.

PrOOF. Let § = {4A[X]*|4 € & X* = T}. Since IM(T) is closed under
products clearly PT';. < I'5T, follows from looking at the construction used
in the proof of Lemma 7.2(a). From Theorem 4.5(b) and Lemma 7.2(b) we
have Th(I'7(®)) = Th(I'7Ty(®)), hence Th(I'7(R)) C Th(PTH(R)) C Th(P(9))
C Th(P;;,(9))- On the other hand, if I';(R)%® then, assuming we have a
special determining sequence {®’; ©,, ..., @, as in the proof of Theorem
4.5, by Lemma 4.4 there is a B=T and elements b,,...,b, in B with
bV Vb, =1 and b Ab =0 for 1 <i<j<m and BrF
(b, ..., b,,0,...,0). Then, with X; = (U € B*|b, € U} and 4,=0,,
A; € &, note that H1<,-<mA,-[X,.]* =-®. Because X} is isomorphic to a
quotient of B by a proper principal filter we have X* =T, hence Py, (D) .

We define I'j parallel to the definition of I'§, namely for any &, I'5(®) = {4
€ I'(R)|X (4)* is atomless}. From Theorem 7.3 and Theorem 2.1 we easily
have the following.

COROLLARY 7.5. SP; = SI3SP,,.

8. Model companions for theories with few existential types. If T is any set
of sentences then T(T) denotes the class of models of T, i.e. the class of all
structures satisfying all the sentences in 7. Two theories T and T™* are
mutually model-consistent if SI(T) = SM(T™), i.e. every model of T can be
embedded in a model of T* and vice-versa. T* is model-complete if A,
A, € M(T*) and A, € S(A4,) imply A, < A,. T* is the model companion of T
if (i) T and T* are mutually model-consistent, and (i) 7* is model-complete.
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Let E, be the set of existential L-formulas 3u®(u, v) with free variables
contained in {v,, . . ., v,}. A primitive formula is an existential formula of the
form 3 /\ (% atomic), where, of course, = atomic means a formula which is
either atomic or negated atomic. Let P, = {® € E,|® is primitive}. A model
A of T is existentially closed in T if for any given ®(v) in E, and a € A", if
there is a model B of T with A4 a substructure of B and B=®(a) then
A= ®(a). (Clearly one can replace E, by P, in the definition of existentially
closed.) We will need the following basic results on model companions (see
[10] and [17)).

LeEmMA 8.1. Let T be a theory.

(@) T is a model-complete theory iff for each ® € E,, n < w, there is a
YeE, suchthat T—®e 4 .

(b) If T is an Y3-axiomatizable theory then T has a model companion iff the
existentially closed models in T form an elementary class (in which case the
theory of the existentially closed models in T is the model companion).

One of the key tools for analyzing existentially closed structures in this and
the next section is the following result.

LeMMa 8.2 (MACINTYRE). If A € T5(R) and O(5) € P,, say B(%) is Ju[Dy(ii,
)&&, <i<k T o, (i, ©)] where ®y(, 0) is_a conjunct of atomic formulas, and
each o, is atomic, then for f € A: A= ®(f) iff

(i) [(®q(@, ] = X (4) and

(i) [Fu(Dy(iz, H& = a;(u, M #3, 1< i<k

PROOF. (=) This direction is straightforward.

(<) Using the Maximal Property choose sequences of elements
g9,..., g% from A such that

(') [26(2, /)] = X (4) and_

(i) [2o(2D, N & 7 (80 NI # B, 1 < i < k.
Since X (4) has no isolated points choose pairwise disjoint, nonempty clopen
subsets N,, ..., N, with N, C [Po(£9, H& 7 (gD, /)] Then, with g =
g0 F(x—u.<,-<kN,) U Uicici8? Mo, We have

(i) [26(2, /)] = X (4) and

([i") [Po(8: N & — a(& D] # D, 1 < i < k,
and hence 4 = <I>0(g,j)&1<,<,( A a(g,j) s0 A = O(f).

Given a theory T let ¢,(T) = k if, modulo T, there are exactly k inequiv-
alent members of P,.

LeEMMA 8.3. Given T let T' = Th(I'§D(T)). Then
@e, (T <w=¢e(T) < w, forn < w,
b)) eg(T) = 2= (T") = 2.

ProoF. This is an easy consequence of Lemma 8.2.
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THEOREM 8.4. Given T let T" = Th(SPI(T)).

@) If £,(T) < wfor n < wthen T" has a model companion, and

(b) if in addition e(T) =2 then the model companion is ¥, categorical,
provided the language is countable and T has a model with at least two elements
in its universe.

PROOF. (a) Let 77 = Th(T§P(T)). From Theorem 7.3, J(T") = SM(T").
Also, by Lemma 8.3 we have ¢,(T") < w for n < w, hence for ®(v) € P, it is
possible to choose ®*(v) € E, such that

T'+®*(0) o V{¥(0) € P,|T'—¥(3) > ~¥(9)}.

Now we claim: A is existentially closed in 7" iff
AE T U {Vo(®(0) V ®*(0))|®(v) € P, }.

So suppose A is existentially closed in 7", that ®(v) € P, and a € 4. If
AE —®(a), let D (A) be the open diagram of 4 and note that 7" U D(4) U
{®(a)} is inconsistent, so T'—¥(v) > - ®(v) for some ¥ € P, with AF
¥(a). Then T'+¥(0) — ®*(0), hence A=®*(a). Conversely, if A=T" U
{Vo(P(0) VV ©*(0))|®(v) € P,} suppose B(v) € P,, assume B=T" with 4 a
substructure of B and B ®(a). We can, without loss of generality, assume
BET', hence B - ®*(a), so A= - ®P*(a), and then A=®(a). Now apply
Lemma 8.1(b).

(b) Let T* be the model companion of T” (or equivalently of T”). Since
&,(T") < w for n < w it follows that ¢,(T*) < w for n < w as &,(T*) < ¢,(T").
Modulo T* every formula is equivalent to an existential formula (Lemma
8.1(a)), hence for each n < w there are only finitely many n-types consistent
with T* and since gy(7T*) =2 it follows that Th(T*) is complete. The
condition that T have a model with at least two elements in it ensures that 7~
has infinite models. So by Ryll-Nardzewski’s result it follows that T™* is
N,-categorical.

COROLLARY 8.5. If & is a finite collection of finite structures, or Th(R) is a
countable W -categorical theory without finite models, then Th(SP(R)) has a
model companion (which is Rg-categorical in case Th(R) is complete and
countable).

An algebra A is a structure without fundamental relations. For any class &
of algebras let V(®) be the variety generated by ®. The following observation
is useful in applying Corollary 8.5.

PROPOSITION 8.6. Let A be an algebra such that every finitely generated
nontrivial subdirectly irreducible algebra in V(A) can be embedded into A. Then
ISP, (A4) = V(A).
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PROOF. From results to Mal'cev [29] we know that every algebra can be
embedded into an ultraproduct of its finitely generated subalgebras, and since
finitely generated subalgebras are subdirect products of finitely generated
subdirectly irreducible algebras the result follows.

Combining Corollary 8.5 and Proposition 8.6 we can conclude that the
following list of varieties have 8 -categorical model companions: any variety
generated by a finite lattice, Heyting algebra, or abelian group; the variety of
semilattices with pseudo-complementation; any variety of monadic algebras
(Comer [14]), distributive lattices with pseudo-complementation, and relative
Stone algebras. The reader will easily think of other examples. We do not
know if there is a model companion for the theory of any variety generated
by a finite algebra.

A natural question in this search for model companions is: when is
Th(T§(R)) model-complete? Some sufficient conditions are given in §9 and
§10, but for now we can say that if & = {4} and 4 is a finite structure with
at least two elements, or Th(4) is countable, 8 -categorical, and 4 is infinite,
then from Theorem 4.5(f) it follows that Th(I'5(®)) is 8 -categorical, hence if
it is also V3-axiomatizable then by Lindstréom [25] it must be model-com-
plete.

9. Discriminator varieties. In this section we take a brief look at discrimina-
tor varieties'® and develop most of the results needed for discriminator
formulas in the next section. Recalling the definition of E, and P, in §8 let
E,* be the positive formulas in E,, and then define P,* to be P, N E,* (hence
the members of P,* are primitive positive). For T a theory of L-structures and
A a model of T, A is said to be algebraically closed in T if A = ®(a) for every
®(v) € E,*, n < w, and @ € A4 such that some model B of T extending 4
satisfies ®(a). (Clearly it is enough to look only at the ®(v) in P,*.)

For the remainder of this section we will assume that our language L is a
language of algebras (i.e. a language without relation symbols), and that 7 is a
new symbol for a ternary operation, the expanded language being L(¢). If 4
is an algebra let 4’ denote the expansion of 4 defined by:

A'Etu,o,w)=zo(u=0v&w=2)\/(u # v&u = 2),

and then for & a class of L-algebras let & = {A4'|4 € &}. Define n(u,, u,, v,,
v,) to be the term (¢ (u,, uy, v,), t(u,, U, v,), v,). One easily checks that

A'En(u, upo,0) =weo(uy=u,&v,=w)V (4, # u, & v, = w),

A= t(u, v,w) = n(u, v, w, u).

10 For a comprehensive treatment of discriminator varieties the reader is referred to Werner
[42].
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From these definitions it is straightforward to verify:

LEMMA 9.1. For any class of algebras
Q= (uy = u V 01 = 0y) & n(uy, uy, vy, 0;) = vy,
& = (u) = u & 0; = ;) & 1(uy, uy, v)) = t(uy, Uy, V),
K= (uy = w V oy # 0) © n(vy, 03, 4y, ) = Uy

We will use # A4 in the following for the cardinality of A.

LEMMA 9.2. For any L-formula ®(0), say ®(¢) is Qu¥ (i, 0) where Qu is a
string of quqnttﬁed variables and Y(u, ©) is open, there is an atomic L(1)- for—
mula \I'(wl, w,, U, 0) such that, with (I)*(E) defined as Vw szQu‘I'(w,, Wy, u,
), one has for any algebra A and any a in A:

A'=®d*(a) iff #A4 = 1or A = ®(a).

PrOOF. First use Lemma 9.1 to show that there is an atomic formula
p(u, ©) = q(u, ) in the language L(¢) such that 4’ = ¥(u, 0) & p(u, ) =
q(u, v) or A* = ¥(u, v) & p(it, ©) # q(u, v). In the first case let ‘i/(wl, w,, i,
©0) be n(w,, w,, p(i, v), q(4, v)) = p (4, v), and in the second case let it be
n(p(u, 0), q(i, ©), w), wy) = w,. Then, for b,, b, € 4, A’ k=Qu‘I'(bl, b2, u, a)
1ff bl =bh, or A' I=Qu Y(u, a). Thus 4 = Vw,szQu\I'(wl, wy, , a) iff

=lord I=Qu Y(u, a).

The next lemma shows that formulas in P,* behave like atomic formulas

with respect to I'* ().

LEMMA 9.3. Suppose ®(v) € P, A € I*(R) and a € A. Then
Am @) WX (4) =[B(@)]."

PROOF. (=) Note that ®(a) is positive.

(<) Suppose ®(v) is Jud'(u, v) with @'(#, v) a conjunct of atomic for-
mulas. By the Patchwork Property there is a g such that X (4) = [®'(g, f)}-
But then 4 = (g, f), so 4 = &(f).

If £ is a set of L-statements let Z* = {®*|® € X}, where ®* is as in
Lemma 9.2. For & a class of algebras let &, be the class & plus the
one-element algebras.

LEMMA 9.4. Let & be an elementary class such that Th(R) has a set Z of V3
axioms. Then

Ir(®,) = {4 € ISI*(),)|4 = =*},

Another way of stating this result is that for 4 € I'¥(%) the natural embedding 4 —
e x(4yAx is pure. This was used by Bulman-Fleming and Werner to describe the equationally
compact algebras in residually finite discriminator varieties in [5]. (Some properties of these
algebras were known to Taylor [36).)
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and if Z is a set of universal sentences then
(87, ) = IST*(8,).

PRrOOF. Since &', = X* it is easy to see from Lemma 9.3 that if 4 € T*(&’,)
then 4 = Z* (as the sentences in £* are of the form V3 (atomic)). So suppose
A € SI¥(®’,), say A4 is a subalgebra of B where B € I'"(&’,). Let Z(4) = {[f
=gllf,ge A} U {[f# gllf, g € A}. By Lemma 9.1, Z(A4) is a subalgebra
of X (B)*. For U € Z(A)* let ~q be the relation defined on 4 by f ~, g iff
[f=g]l € AU, hence iff N A C [f = g]. This is clearly a congruence on A,
and the mapping a: A/~q — B,, for any given x € N AU, defined by
a(f/~q) = f(x), is an embedding since for f, g in 4, either N U C [f = g]
orelse NA C[f+ g] But then A/ ~q =t(u, v, w) = z &> (u = v&w = 2)
\ (u # v&u = z). Now if A=X* then 4/ ~q = Z* as all the sentences in X*
are positive, hence by Lemma 9.2 #A4/~q = lor4/~q =X, ie. A/~q €
&, . Now look at the mapping B: A4 — Ilo ¢ 744/~ defined by B(f)(U)
= f/~q. This is readily seen to be an embedding, and B(4) satisfies (1). For
f, 8 €A, [B() = B()] = (UILf = g] € U} € Z(A)**, 50 B(A) satisfies
(2%). Finally, for f, g € A and N € Z(A)**, (by symmetry) we can assume
that N is {U € Z(A)*|[h = k} € U} for some h, k € A to show that B(A4)
satisfies (3), namely B(f) Iy U B(&) zuy-~n = B(n(h k, f, ). If we
assume that T is a set of universal sentences, then in the above proof we can
conclude 4/~ € &', without the assumption 4= Z*. This yields the second
equality.

COROLLARY 9.5. Let & be an elementary class with a set Z, of Y3 axioms,
and let X be a set of axioms for Th(SP(R,)). Then IT¥(R",) is an elementary
class whose theory is axiomatized by Z, U Z¥.

Proor. From Theorem 2.1(d) we know ISI* (&, ) = ISP(®”,). Just combine
this fact with Lemma 9.4

Next we look at some of the important facts about the congruences of
members of TV(R). If a,b € A let 0(a, b) be the principal congruence
generated by (a, b), i.e. the smallest congruence of A4 containing <a, b). If
A €T9(R) and Y +# O is a closed subset of X (A4) let 4}, be the subalgebra
of II,cyA4, with universe {fl,|f € 4}. Since closed subsets of Boolean
spaces are Boolean spaces it is easy to check that 4}, € I'¥(R]), and X (A4 [,)
=Y.

LEMMA 9.6. Let A € T9(®).
(a) For h, k € A,

0(h k)= {{fg) € A[h=k] Clf=sg])
= {{f.8) € 4%n(h. k.1, 8) = g}.
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(b) Every finitely generated congruence of A is principal.

(¢) If Y is a closed subset of A let 8, = {{f,g) € A’|Y C[f = g]}. Then 8,
is a congruence on A; and A /80y, = A\, under the map f/ 0, — f|y,if Y # O.

(d) If 0 is a congruence on A let Y = N ;o5 colf = 8] Then 6 = 8.

Proof. (a) Clearly {f,g) € 0(h, k) implies [h = k] C[f = g], hence
n(h, k, f, g) = g by Lemma 9.1. Conversely, n(h, k, f, g) = g implies [h = k]
Clf=g)l, and from this {n(h, h,f, g), n(h k,f,g)) € 6(h, k) implies
(f. &) € 0(h, k).

(b) Note that for f, g, h, k € A,

0(f. 8)\V 0(h k)y=0(:(f g h) (g f k).

(c) This is straightforward.

(d) Since 8 = U (4548 (A, k) it follows from (a) that § C 8y. On the other
hand if {(f,g)€6, then, since [f # g] is compact and the set
{0(h, k)|{h, k) €8} is directed (by (b)), [» = k] C[f = g] for some {h, k) €
6, hence by (a) {f, g) €4.

An important consequence of Lemma 9.6(d) is that every 4 € & with
#A4 > 1is simple.

Next we give the representation theorem referred to in §6. Recall that V(®)
is the variety generated by . Up to polynomial equivalence the discriminator
varieties are the V(&’).

THEOREM 9.7. Let & be any class of L-algebras.

(a) (Bulman- Fleming, Keimel, Werner), V(®') = ISP, (&’,).

(b) If no member of P () properly contains a one-element subalgebra then
V&) = (IT*SP, ().

Proor. (a) Clearly II"SP,(®,) C V(®), and from Lemma 94,
IT“SP,(®,) = ISI¥SP,(!’,), which in turn equals ISP,(&’,) by Theorem
2.1. So we only need to show that IT*SP (K", ) is closed under quotients. If 4
is a congruence on 4 and 4 € ISP, (&), then § = 6§, for some closed
subset Y of X(4) by Lemma 9.6(d), and then A4/8 € II*SP,(8’,) by
Lemma 9.6(c).

(b) For such a & an easy compactness argument shows that there must be
finitely many fundamental operations, say f,,...,f,, such that for any
A ESP,(®,) and a € A4, if #4 > 1 then f,(a,...,a)# a for some i,
1 < i < n. Now suppose B € I“SP,(®',) and #B > 1. Let f be any fixed
member of B. Then [VuVou(u = v)]=[&, . f(f...,f)=f] hence
[VuVo(u = v)] is a clopen subset N of X (B). But then it is easy to see that
B = Bly -~ € ISP, (R).
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LEmMMA 9.8. Let Q be a class of L-algebras.

(a) If Th(R) is model-complete then T¢(R) = I'*(RK).

(b) If Th(R) is model-complete then Th(R") is model-complete.
(c) If Th(R) is decidable then Th(K') is decidable.

PrOOF. (a) If ® € E, and 4 € T*(R]) then it is easy to see that [®] is an
open subset of X (A) (actually for any &). Thus, applying Lemma 8.1(a) we
see that for any L-sentence &, [®] is an open subset of X (A4), hence
A ET*(R).

(b) & (¢) Merely note that 7 is definable in & by an open L-formula.

Now we will look at some examples of residually large varieties (indeed
these varieties have arbitrarily large simple algebras in them) which have
decidable theories, as promised in Remark 4 of §6. Makowsky [28] notes that
from a finitely generated infinite group G one can construct a universal,
complete, and model-complete theory 7, of algebras with finitely many
unary operations, and no model of T has a one-element subalgebra. One can
easily check that T; has a decidable theory iff G has a solvable word
problem. For G a finitely generated infinite group with a solvable word
problem let M(T;) be K. From Theorem 9.7(b), V(') = (II¥(&’)),, and then
by Lemma 9.8(a), (b) this is (II*(8]’)),. Lemma 9.8(c) and Theorem 4.5(a)
show that Th(I*(®')) is decidable, hence Th(V(®')) is also decidable. (As
noted above, every algebra in & is simple.)

LEMMA 9.9. If A, B € IT¥(R’) and A is a subalgebra of B then, for § a
congruence of A, there is a congruence 8’ of B such that § = §’ N A

PrOOF. For a, b € A let 8,(a, b), respectively 8z(a, b), be the principal
congruence of A, respectively B, generated by (a, b>. Now 6§ =
U (asycobq(a, b), and this union is directed by Lemma 9.6(b). Let 8’ =
U ¢as5c095(a, b). Then this union is also directed as 8,(a, b) C 8,(a’, b') iff
n(a’, b', a, b) = b iff G3(a, b) C 0z(a’, b') by Lemma 9.6(a), and hence 8’ is a
congruence of B. Now

0,(a, b) = {(c, dy € A*n(a,b,c,d) = d}
={{c,d) € Bn(a, b,c,d) =d} n A? = 0y(a, b) N A%
Hence § = ' N A%
LEMMA 9.10. Let & be a class of algebras. If A, B € I*({) and a: A — B is

an embedding then for any x € X (A) such that # A, > 1 there is ay € X (B)
for which B: A, — B, defined by B(fx) = (af)(»), f € A, is an embedding.

PROOF. Let 8, be as defined in Lemma 9.6(c), and let § = {<af, ag)|
(f, 8) €8x} - Then @ is a congruence on a(4), and by Lemma 9.9 there is a
congruence ' on B such that § = §’ N (a4)>. By Lemma 9.6(d) there is a
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closed subset Y of X(B) such that §' = {{f,g)EB}Y C[f=gl]}, so

= {{f. 8)E(ad4)’|Y C[f = g]}. Obviously a(4)/8 = 4/8,,,, and from
Lemma 9.6(a) A/8,,, = A,, hence #a(4)/6 > 1. Consequently, for some
y €Y there is an {f, g>E(ad)’ with f(») # g(»). For this y we have
#B, > 1;and y € Y implies f(y) = g(») if {f, g) €. The map B: 4, — B,
above is indeed well defined, for if f,g € 4 and f(x) = g(x) then
([, 8)€8,y, so {af, ag)EH, hence (af)(y) = (ag)(y). But then B is a
homomorphism, and #8(4,) > 1. From Lemma 9.6(d) A, is a simple
algebra, hence B is an embedding.

LEmMMA 9.11. Let x be the sentence:
VuIVuZEIv,EIvz[n(ul, Uy, Uy, 0y) 7 02]~
Then for A € T°(]"), A = x iff [VuVov(u = v)] is not a clopen subset of X (A).

Proor. Using the Patchwork Property it is easy to verify that for 4 €
(&), [VuVo(u = v)] is clopen iff there are f, g € 4 such that [f+# g] =
[Qu3v(u #* v)]. However note that 4 = x iff for every f, g € A there is an A,
k € A such that[h # k] 2 [f # g)

LEMMA 9.12. Let I1 be the sentence:
VquEw[u # v > (u # w)&n(u, v, u, w) = w&n(u, w, u, v) # v].

Then for A € T*(®'), A=I1 iff there is a B € T*(R") such that A = B and
X (B)* is atomless.

PrOOF. Let 4 € (/). If #4 =1 then select any x € X(A4) and let
B =A[C]*. If #4 > 1 let B’ be the (A4) defined in the proof of Lemma
9.4. Then A = B’ and every clopen subset of X (B’) is of the form [f = g] or
[f# g) If [VuVov(u = v)]g is not clopen let B = B’; and if N = [VuVo(u =
v)]p is clopen let B = B'[y ;5. Then A = B and every clopen subset of
X (B) is of the form [f = g] or [f # g], and X (B)* is atomless iff for every f,
g € B with [f # g] # there is an h € B with J+# [f # h]g[f# gl, and
this is exactly what IT asserts.

The next result was announced in [9].

THEOREM 9.13. Let R be an elementary class of algebras with a model-com-
plete theory and let T = Th(V(®")). If X, respectively Z,, are axiom systems for
T, respectively Th(R), where we assume the sentences in %, are V3, then the
Jollowing hold.

(a) The algebraically closed models of T form the elementary class IT° (),
and it is axiomatized by Z, U (X))*.

(b) If no member of & properly contains a one-element subalgebra then the
existentially closed models of T form the elementary class (IT§(R’)).,, and the
model companion of T is axiomatized by Z, U (Z))* U {II}.
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(c) If some member of R properly contains a one-dlement subalgebra then the
existentially closed models of T form the elementary class consisting of those
A € IT§(R',) for which

(i) A= x, and

(i) if, given L(1)-terms p(u, ) and q(u, ©), there is a B € & which has a
one-element subalgebra {b)} for which B'=3ulp(u, b) #* q(u, b)] b being a
sequence of b’s, then we require that A satisfy Yo3ul p(u, 0) # q(u; v)].

The model companion of T is axiomatized by Z, U (Z,)* U {3udov(u # v),
I, x} U {VoIu[p(i, 0) # q(& ©)]| p, q are as in (ii)}.

If the language L has only finitely many operational symbols, if each member
of R has at most one one-element subalgebra, and if Th(R) is complete then one
can drop condition (ii) from part (c) as well as the corresponding axioms of the
model companion.

(d) To obtain the algebraically and existentially closed models of T U
{3u3v(u # v)} just add the requirement 3udv(u # v) to the conditions in (a)
and (b).

PROOF. (a) By Theorems 2.1 and 9.7(a) we know V(R") = ISI¥(®",), and
from Corollary 9.5 II¥(&*,) is an elementary class whose theory is axioma-
tized by X, U (Z,)*.The axioms Z} are V3-positive, hence every algebraically
closed model of 7 must be in II*(§,). On the other hand, if 4 € I"(])),
@) € P, f € 4, and 4 is a subalgebra of B where B=T and B=a&(J),
then we can assume B € II¥(®‘)), say a: B— B’ is an isomorphism and
B’ € I"(®,). We want to show that [®( j)] 4+ = X(A) (see Lemma 9.3). If
#A4, =1 then x € [P(f)] as P(f) is positive, so assume #A, > 1. By
Lemma 9.10 there is a y € X (B’) such that the mapping B: 4, — B, defined
by B(fx) = (af)(y) is an embedding. Since [P(af)] = X (B’) (by Lemma 9.3)
we have B) =®((af)(y)), and as Th(®') is model-complete and 4,, B) € & it
follows that a(4,)E ®(af)}(»)), hence 4, = O(f(x)).

(b) In this case V(®) = (I¥S(8")), by Theorem 9.7(b), and then by
Theorem 2.1(d) and Corollary 7.5 V(&) = (IST3(&’)),. From Lemma 9.12
(AT(8/)), = {4 € (Ir*(8")), |4 = I1}, hence (I5(K")), is an elementary
class axiomatized by Z; U (Z,)* U {II}. As the axioms in (X,)* U {II} are
V3 it follows that every existentially closed model of T is in (IT§(!’)),, and
this is (IT{(!")), by Lemma 9.8(a), (b).

If #4 =1 and 4 is a subalgebra of B, B € V(&), then by Lemma 9.7(b),
#B =1, hence A is existentially closed in 7. So suppose 4 € I'{(]"),
#4 > 1, d(v) e P, f € A and A is a subalgebra of B where B = T and
B = ®(f). Then we can assume B € IT{(R"), say a: B— B’ is an isomor-
phism and B’ € T§(®"). Let us suppose (o) is Ju[P(4, 0) & &, ;. ,p.(i, D)
# q.(u, v)], where ®(iz, v) is a conjunct of atomic formulas By Lemma 8.2
and part (a) above we only need to show [Ju[®y(u, N& pi(u, f) #* q,(4, f)]] 4
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# @, for 1 <i < n. Now since B’ = Q(aj) it is possible to choose y;, €

X (B’) such that y, €[u[Py(u, af) & p;(u, af) # q(it, af)]] for 1 < i < n.
Clearly this implies # B, > 1. Let §; be the restriction of the congruence 4, ,
on B’ to a(4). Then a(4)/6, € IS(B,) by Lemma 9.6(c), and as B, has no
one-element subalgebras it follows that #a(A4)/6, > 1, so a(4)/6; is a
simple algebra (all members of S(®') with at least 1vo elements are simple).
Let x; € X (4) be such that §, = {{af, ag)|{f, g» € 6,,,} (such must exist
by Lemma 9.6 as 6, is a maximal congruence on a(A4)). Then the mapping f3:
A, — B, defined by B(f(x;)) = (ef)(»), f € 4, is an embedding, and since
A and B are members of &', which has a model-complete theory, it follows
thatx E[Eu[d)o(u j)&p,(u j) #* q.(us, j)]]

(c) By Theorem 2.1(d), Theorem 9.7(a) and Corollary 7.5 we have V(&) =
IST§(®’,). From Lemma 9.12 we have IT{(®',) = {4 € II*(&,)|4 = IT}.
Let & = {4 €Il(&,)|#4 > 1, A= x}, and let B € & be such that
# B > 1 and B has a one-element subalgebra. Select a fixed element ¢ from
the Cantor discontinuum C and define B to be the subalgebra of B[C]* with
universe {f € B[C])*|f(c) = b}, where b is a particular one-element subal-
gebra of B. Then for 4 in T3(®,), 4 X B € ®,, and as 4 can be embedded
in 4 x B it follows that V(R) = S(R,). Next let ®, be the class of all 4 in
such that A =Vo3u[p(u, 0) # q(u, v)] for those p, g required in condition
(i1). For each such p, g choose an algebra B, , from @ which has the desired
property in condition (ii). Then let B, , be the subalgebra of B, [C]* with
universe {f € B, [C]*|f(c) = b}, where ¢ is as above and {b} is the
particular one-element subalgebra of B, , for p and g. Then, for 4 € ), the
algebra 4 X I, qu o 18 in &,, and 4 can be embedded into this algebra. Thus
R, is an elementary class (by Corollary 9.5) which is axiomatized by the
proposed axioms for the model companion of 7T, and such that V(&) =
S(!,). Since Th(®,) is axiomatizable by V3 sentences it follows that every
existentially closed model of T must be in &,.

On the other hand suppose 4 € IG(RY,) is in ®,, and that &(v) € P,

f € A, and A is a subalgebra of B where B = T and B = @( j) Then we can
assume B € ®,, and a: B — B’ is an isomorphism with B’ € T§(&’,). Let us
assume ®(v) is as in part (b). By Lemma 8.2 and part (a) above we only need
to show [Ju]®y(i, f) & p, (i, ) # q,(&, Nl # @ for 1 < i < n. Since B’ =
®(af) we can choose y; € X (B’) with the property described in (b), for
1 < i < n. Let §, be as defined in (b). If #a(A4)/6, > 1 then proceed exactly
as in (b) to the desired conclusion. However, if #a(4)/6, =1 then the
parameters a(f)/#,,, lie in a one-element subalgebra of B’/8,,. Using
Lemma 9.1 find L(#)-terms r, s; such that ®'k[r(#, ©) # 5,(% 0)] &
[Do(2, E)&P,(“’ v) # ¢;(4, ©)l. Then B’ /0(,;) = Julr,(u, a(f)/o(y)) *
s5; (i, a(f)/ 8,,,,)]; hence by (ii) we will have required that &,, hence 4, satisfy
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the sentence V53ilr,(ir, ©) # 5,(i, B)), so [Fd[Po(iZ, N&p, (i, ) # g, ],
#J, as desired.

Suppose now that the language has only finitely many operation symbols
f,,...,f , that each member of ® has at most one one-element subalgebra,

and that Th(®), hence Th(®") is complete. If p, g and B are as in (ii) then
@’I=Vz[( & f(z,...,2)= z)_

I<id<m
—>3u(p(u,z,...,2) #q(u, z, . .., z))]
Thus given the situation # a(A4)/6; = 1 above it follows that

.Q’t=Vz[( & f,-(z,...,z)=z)

I<i<m

- 3u(r(id,z,...,z2) #s(u, 2, ..., z))]

Now, looking at 4, as [&|<,<m 1< j<nli(fs - - -5 f) = f] is a clopen subset of
X (A), and as [VuVov(u = v)] is not clopen, there must be an x; in the former,
but not in the latter subset. Hence, as 4, € &, 4, =3u[r, (4, j) #* s,(u, j)]
and thus 4, must also satisfy Ju[®(u, f)&p,(u f) * q;(u, j)]

(d) This i is quite easy to check.

10. Discriminator formulas and universal Horm classes. We are going to
generalize the results of §9 by working with a discriminator formula rather
than a discriminator function. This will lead to the most general results we
know of for constructing model-complete theories via the operator Ig. If A4 is
an L(t)-structure let Red,(A) be the reduct of 4 to an L-structure, and if & is
a class of L(r)-structures let Red,(®) = {Red,(4)|4 € ). A formula 7 €
P, is a discriminator formula for a class & if & = 7(u, v, w, z) & t(u, v,
w) = z.

LEMMA 10.1. For any &, I'¥(]) = Red,I¥ ().

PRrOOF. Clearly every member of the right-hand side is in the left-hand side.
So suppose 4 € I'"(R), and let f, g, h € A. Then defining k to be hf_, U
S Nsg) 1t 1s immediate from the Patchwork Property that kK € 4 and that
Al = t(f(x), g(x), h(x)) = k(x), for x € X(A4), hence the subset of
I, e x(4y4x consisting of the universe of 4 is closed under the operation ¢, and
thus this subset is a subuniverse corresponding to a substructure A’ with
Red,(4) = A

For 7 € P,* let us define 7¢ to be the sentence: VuVoVw3zr(u, v, w, 2).

Lemma 10.2. Let 7 be a discriminator formula for &. Then
{4 € SI*(R)|4 = 7¢} C Red, SI¥(&).
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PROOF. Let 4 be a substructure of B, B € I'¥(f) and suppose 4 = 7°. Let
B’ € T%(R’) be such that B = Red,(B"). If f, g, h € A choose k € A such
that 4 = 7(f, g, h, k). But then B’ = 7(f, g, h, k) as 7 is an existential
formula, and then, by Lemma 9.3, B’ = t(f, g, h) = k, hence A4 is a reduct of
a substructure A’ of B’.

LeMMA 10.3. If 1 is a discriminator formula for & then
{4 eSS (R4 =1} = 1(u,0,w,2) & t(u, 0, w) = 2.

ProoF. This follows from Lemma 9.3, arguing as in Lemma 10.2.

For 1 € P let us define a translation #, from L(f)-formulas to L-for-
mulas as follows. First # _(t(u, v, w) = z) is 7(u, v, w, 2) if u, v, w, z are
variables, and #_(a) is just a if « is any atomic formula not involving the
function symbol ¢. Then, given any L(#)-formula @ first replace it by a
logically equivalent formula of the form @;[V,- /\; * &;;] where each qa;; is
an atomic formula, and indeed of the form #(u, v, w) = z with u, v, w, 2z
variables if a;; involves the function symbol 7. Then define # (®) to be
Qu[\/; /\,; * #,(a;)]. With this translation the following is immediate from
Lemma 10.3.

LEMMA 10.4. Suppose 7 is a discriminator formula for R, A’ € SI'¥(®),
A’ &= 1°, and that ® is an L(t)-sentence. Then A’ = @ iff A’ = # (D).

LEMMA 10.5. If R is an elementary class, T a discriminator formula for ®, £° a
set of axioms for Th(SP(R)), and © an elementary subclass of II'* (') axioma-
tized by T', then Red,(9) is an elementary class axiomatized by Z° U #_(ZH
U {r°}.

ProOOF. Since I(§) = 7(u, v, w, z) & t(u, v, w) = z it is clear that 9,
hence Red, (D) satisfies the axioms mentioned. On the other hand, if 4 is an
L-structure satisfying £° then, by Theorem 2.1(d), we can assume A4 €
SI?(R). Then from A = 7°¢ one concludes by Lemma 10.2 that 4 = Red,(4")
for some A’ in SI¥(®’). Then if A = #_(Z') it follows from Lemma 10.4 that
A’ = X! hence 4 € Red, (D).

LEMMA 10.6. Suppose T is a discriminator formula for ® and that A’,
B’ e T*(®). Let A = Red,(A4") and B = Red,(B’). Then if a: A — B is an
embedding one also has a: A’ — B’ is an embedding.

PROOF. Suppose f, g, h, k € A" and A’ = t(f, g, h) = k. Then A’ =
7(f, g, h, k), hence B’ = 7(af, ag, ah, ak) as 7 is an existential formula. But
then B’ = t(aof, ag, ah) = ak, hence a preserves the operation ¢.

Our main result is an obvious copy of Theorem 9.13.
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THEOREM 10.7. Let & be an elemeniary class of algebras with a model-com-
plete theory and suppose t is a discriminator formula for ®. Let T =
Th(SP(R.,)), let X° be a set of axioms for T, and let T, be a set of V3 axioms
Jor Th(R).

(@) The algebraically closed models of T form the elementary class IT*(R.),
and it is axiomatized by Z° U #_(Z¥) U {r°}).

(b) If no member of R properly contains a one-element subalgebra then the
existentially closed models of T form the elementary class (IT{(K)),., and the
model companion of T is axiomatized by Z° U # (¥ U {IT}) U {7°}.

(c) If some member of R properly contains a one-element subalgebra then the
existentially closed models of T form the elementary class consisting of those
A € IT§(R ) for which

() AE #_(x), and

(i) if, given L(t)-terms p(u, v) and q(u, v), there is a B* € & which has a
one-element subalgebra of {b} for which B* = 3u|p (i, b) # q(u, b)), b being a
sequence of b’s, then we require that A satisfy # _[Vo3u(p(i, 0) # q)(4, v)].

The model companion of T is axiomatized by ° U # (ZF U {II, x}) U
#,.(X) U {3ulv(u # v), 7°), where T is the set of all formulasNo3u[ p(u, v)
# q(u, v)] with p, q being as in (ii).

If the language L has only finitely many operational symbols, if each member
of & has at most one one-element subalgebra, and if Th(R) is complete then one
can drop condition (ii) from part (c) as well as the corresponding axioms of the
model companion.

(d) To obtain the algebraically and existentially closed models of T U
{3u3v(u # v)} just add the requirement JuIv(u % v) to the conditions in (a)
and (b).

Proor. First note that in each of (a), (b), and (c) the classes described are
such that every member of SP(®,) can be embedded in a member of them
(use Theorem 9.13 and Lemma 10.1). From Lemma 10.5 one sees that these
classes are elementary. The axioms presented for these classes are those given
in Lemma 10.5 with the exception of # (Z;), where X, is a set of axioms for
Th(SP(®',)); however this is no problem as we can deduce # (T, from
2%y {7°} by Lemmas 10.2 and 10.4.

So we only have to verify that the above classes are indeed the algebraically
closed and existentially closed models of T. For (a) note that the axioms
# (X)) U {r°} are V3-positive sentences, hence every algebraically closed
model of T must satisfy them. On the other hand the embeddings between
members of II¥ (R, ) are precisely those between the corresponding members
(see Lemma 10.1) of Il (®’,) by Lemma 10.6, and thus by Theorem 9.13 it is
clear that the members of IT¥(®*,) must be algebraically closed in T. For (b)
and (c) use the correspondence of embeddings, as in (a), to see that the
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classes are model-complete. Part (d) is again straightforward.

Lipschitz and Saracino [26] were the first to use sheaf constructions to find
the model companion of a theory. Subsequently this was generalized by
Maclntyre [27] using the notion of a positively model-complete theory, namely
a theory T such that for every ® € E, there is a ¥ € E;* such that
T+~ — ® < V. (Note that a theory T is positively model-complete iff it is
model-complete and for every ® in E, there is a ¥ in E," such that
T — ® < ¥.) An obvious limitation of this condition is that if & is the class of
models of a positively model-complete theory of algebras then no member of
R can properly contain a one-element subalgebra because there is a formula
® € E; such that ® = u # v & ®(u, v). Later Comer [14] noted that
Macintyre’s conditions could be considerably simplified, and now we will
show that Comer’s theorem is a special case of Theorem 10.7(b), (d). For the
time being we will only consider theories of algebras, and at the end of this
section discuss some appropriate changes to handle languages with relation
symbols.

CoRrOLLARY 10.8 (COMER). Let T be a positively model-complete theory of
algebras such that there are terms p(u, v), s(u, v), an atomic formula A(u), and
constants 0, 1 such that

OT—-Auw)o(u=0\Vu=1),

(i) T — Vu[p(u, 1) = u& p(u, 0) = 0], and

(iii) for every model A of T the relativized reduct {{0, 1}; p, s) is a lattice.

Then, if R is the class of models of T, it follows that Th(I{(R)) is model-com-
plete.

PROOF. First note that the formula 4, = u, \/ u; = u, is equivalent modulo
T to the primitive positive formula

EUBW[A(D)&A(W)& (Ks;z“ P, s(0, w)) = )
&p(uy, v) = p(uy, v) & p(u3, w) = P (g W)]a

hence, as T is positively model-complete, every formula of E, is equivalent
modulo 7 to a formula in P,*. In particular the formula (u = v & w = 2) \/
(4 # v & u = w) is equivalent to a formula 7 in P,*, and this is a discrimina-
tor formula for the models of T. Thus the conclusion follows from Theorem
10.7(b), (d), and Theorem 4.5(b).

COROLLARY 10.9 (MACINTYRE). Let the language L contain operation sym-
bols +, -, —, 0, 1 for the language of rings with unity, and suppose & is a class
of L-algebras such that

(1) Th(R) is positively model-complete,
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(i) Th(®) includes axioms for nontrivial rings, and

(iii) Th(R) includes a statement which says “there are exactly two idempotent
elements in the ring”.

Then Th(T(R)) is model-complete.

For applications of Theorem 10.7 we have of course discriminator varieties
(some of which were discussed in §6; this includes Comer’s study of monadic
algebras), the result of Lipschitz and Saracino which says that if & is the class
of algebraically closed fields in the language of rings with unity then
Th(I'5(®)) is the model companion of the class of nontrivial commutative
rings with unity and without nonzero nilpotent elements, and the result of
Macintyre which says that if & is the class of linearly ordered real-closed
fields in the language of f-rings with unity then Th(Ij(®)) is the model
companion of the class of nontrivial commutative f-rings with unity and no
nonzero nilpotent elements. In the last two examples we have parallel results
in the corresponding languages without unity by using Theorem 10.7(c), (d),
namely we just delete the word ‘unity’ and replace I'j(®) by the appropriate
subclass of I'g (&, ) as required by Theorem 10.7(c) (note that we can dispense
with the condition (ii) of (c) in these two cases). Furthermore we can write
down a system of axioms for the algebraically closed and existentially closed
members of these classes, and give a reasonably good description of these
members in terms of the I operators. To justify our claim for parallel results
it suffices to note that the following formula r(v,, . . ., v,) is a discriminator
formula on any class of fields in the language +, -, —, 0 of rings:

3u13u23u3[ l<8;c<3 (v, uy=v)&u, - uy = u; & u?

(v, — 92)2 =u;- (v, — vy)

&v, = u; v, (v, — 0y) + vy (“3 —u- (v, — vz))]-

Finally we look briefly at languages with relation symbols. The first
complication is the number of possible one-element structures, so let us just
consider the case that there are no one-element structures in S(R), where & is
an elementary class with a model-complete theory, and 7 is a discriminator
formula for ®. (This will cover the cases considered by Macintyre and
Comer.) Then to achieve an analogue of Lemma 9.2 one needs rather strong
assumptions, for example the following two will do:

(a) Th(R) i1s complete, and

(b) for each fundamental n-ary relation r there is a formula ¥, € E,* such
that R=—r(vy, ..., ) o ¥, (v, ..., 0,).
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To see how these are used suppose @ is an V3 sentence. First use (b) to put
it in the form V3 /\ \/ (* atomic), where the only negated atomic formulas
are of the form p # ¢. Then use (a) to convert \/(= atomic) subformula into
an 3 /\(*atomic) formula, where again the only negated atomic formulas are
of the form p # g¢. Finally use the ¢ as in Lemma 9.2 to change the last
sentence into an V3 /\(atomic) sentence @’ such that for 4 € &, 4* = &' iff
A = ®. Then one has the conclusions of Theorem 10.7(a), (b), using T =
Th(SP(®)), replacing &, by &, and (II';(])), by IT5(K), and using ] instead
of .

Appendix. A sheaf of L-structures is a triple S = (S, X, 7) where

(a) S and X are topological spaces,

(b) #: S — X is a surjective local homeomorphism,

(©) S, = 7~ !(x)is an L-structure (the stalk at x) for each x € X,

(d) if f is a fundamental n-ary operation and S, is the subspace [, -, S of
S", then f: S, — S is a continuous map, and

(e) if r is a fundamental n-ary relation and y, is the characteristic function
of r mapping S, to the two-element discrete space 2, then x,~ (1) is open.'?

A global section of S is a continuous map o: X — S such that o is the
identity map on X. The structure of global sections y(S) is the substructure of
I1, xS, whose universe consists of a the global sections of S.

LEMMA 1. Let S = (S, X, 7) be a sheaf of L-structures and suppose o is an
element of Il,cxS,. Then o € y(S) iff for each x € X there is an open subset
U, of S such that o(x) € U, C o(X), and 7 restricted to U, is a homeomor-
phism.

PrOOF. If for each x € X there is such a U, then given x € X and any
open neighborhood V of o(x) it follows that 6 ~'(V N U) = #(V N U,), an
open subset of X, so ¢ is continuous. On the other hand if ¢ is continuous
then for x € X choose V, to be an open neighborhood of a(x) such that =
restricted to ¥, is a homeomorphism, and then let U, = 6 e 6~ (V). U, is
open as it is a subset of ¥, and #(U,) = 6~ (V,), and clearly 7 restricted to
U, is a homeomorphism.

From this lemma it is easy to obtain the following basic properties of y(S).

COROLLARY 2. For a sheaf of L-structures S we have:

(a) global sections are open maps,

(d) if 6, 7 € ¥(S) then {x € X|o(x) = 7(x)} is open,

(¢) if r is a fundamental n-ary relation and a,, . .., 0, € ¥(S) then {x €
XIS, Er(o(x), ..., 0,(x))} is open,

12 In [27] Macintyre has a stronger requirement, namely that x, be continuous.
YT
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(d) if N is a clopen subset of X and 6, 7 € y(S) then o v U Tly_y isalsoin
¥(S), and

(e) if X is compact and has a basis of clopen sets then y(S) is a subdirect
product of the S, x € X.

In view of conditions (b) and (c) above we introduce the operator I' defined
by the properties (1) and (3) of §1 plus:

2) for ®(u, ..., u,) an atomic formula and f,, ..., f, € 4,
[®(u,, . . ., u,)]is an open subset of X.

This is our most general Boolean product operator, and next we show that
it is equivalent to the formation of global sections of sheaves of L-structures
over Boolean spaces.

THEOREM 3. (a) If S = (S, X, m) is a sheaf of L-structures and X is a
Boolean space then y(S) € L({S,|x € X}).

(b) Suppose A €T (R). Let S = U Il exuyd. have as a basis for its
topology all sets ({x,f(x))|x € N} where f € A and N € X (A)*, let X =
X (A), and define = by m({x,a)) = x. Then S = (S, X, 7) is a sheaf (of
L-structures) over a Boolean space and y(S) is isomorphic to A under the map
defined by a(o)(x) = aif a(x) ={x, a).

PROOF. (a) This is an immediate consequence of Corollary 2.

(b) Clearly we have defined a sheaf of L-structures S. Then use Lemma 1
to verify that the global sections of S are precisely those o corresponding to
the members of 4 under the mapping a.

A sheaf S = (S, X, m) is Hausdorff if S is a Hausdorff space. It is an easy
exercise to show that if S is a Hausdorff sheaf with X a Boolean space then
v(S) € I*({S;|x € X}), and conversely, if 4 € I'¥(®) then the sheaf con-
structed in Theorem 3(b) is Hausdorff.

ADDED IN PROOF. Carson [43] independently discovered the results attrib-
uted to Lipschitz and Saracino.
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